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Let A be a Dedekind domain whose field of fractions K is a 
global field. Let p be a non-zero prime ideal of A, and Kp

the completion of K at p. The Montes algorithm factorizes a 
monic irreducible polynomial f ∈ A[x] over Kp, and provides 
essential arithmetic information about the finite extensions 
of Kp determined by the different irreducible factors. In 
particular, it can be used to compute a p-integral basis of 
the extension of K determined by f . In this paper we present 
a new and faster method to compute p-integral bases, based 
on the use of the quotients of certain divisions with remainder 
of f that occur along the flow of the Montes algorithm.
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0. Introduction

One of the basic ingredients in computational algebraic number theory is the factor-
ization of polynomials over p-adic fields. Classical strategies allow to derive from this 
problem the computation of integral bases, which is the starting point of most of the 
algorithms related to maximal orders in number fields.

We introduced in [7] a different approach to ideal arithmetic in number fields based 
on the decomposition of rational primes as provided by the Montes algorithm [5,8]. 
This approach included an OM method for the computation of p-integral bases which is 
significantly faster than the traditional methods, most of them based on variants of the 
Round 2 and Round 4 routines [2,3,10,18,22,23].

In this paper we present an alternative faster method based on the use of quotients 
of φ-adic expansions, which are directly provided by the Montes algorithm. This idea 
goes back to a construction of integral bases by W.M. Schmidt for certain subrings of 
function fields [19].

Our method works in a more general setting. Let A be a Dedekind domain whose field 
of fractions K is a global field. Let p be a non-zero prime ideal of A, and π ∈ A a local 
generator of p. Let Kp be the completion of K with respect to the p-adic topology. Let 
f ∈ A[x] be a monic irreducible separable polynomial of degree n. For θ ∈ Ksep a root of 
f let L = K(θ) be the finite separable extension of K generated by θ and B the integral 
closure of A in L.

Following a program suggested by Ø. Ore [17] and developed by S. MacLane in the 
context of valuation theory [13,14], the Montes algorithm computes an OM represen-
tation of every prime ideal P of B lying over p. This computational object supports 
several data and operators linked to some irreducible factor F of f in Kp[x]. Along the 
flow of the algorithm, some polynomials φ ∈ A[x] are constructed as a kind of partial 
approximations to F . The φ-expansions of f provide the necessary data to build higher 
order Newton polygons of f from which new and better approximations are deduced. As 
a by-product of the computation of any φ-expansion f(x) =

∑
0≤s as(x)φ(x)s, several 

quotients are obtained:

f = φQ1 + a0, Q1 = φQ2 + a1, . . .

For each quotient Q, the highest exponent μ such that Q(θ)/πμ is p-integral can be 
read in the OM representation (Theorem 3.3, Corollary 3.7). In Section 4, we construct 
integral bases of the local extensions LP/Kp with adequate products of these quotients. 
In contrast with the former OM method, these elements are p-integral (globally integral 
if A is a PID) and not only P-integral. In Section 5 we use these p-integral elements to 
build a p-integral basis (Theorem 5.15).

This method of the quotients has two significant advantages with respect to the former 
OM method and all classical methods:

(1) It yields p-reduced bases. For instance, let L = F(t, x) be the function field of a 
curve C over a finite field F, defined by an equation f(t, x) = 0, which is separable over 
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