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powers of 2. In this paper, we sharpen the value of k to 142.
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1. Introduction

In 1951 and 1953, Linnik established the following “almost Goldbach” result that each
large even integer N is a sum of two primes p;, po and a bounded number of powers of 2,
namely
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N =p; +ps+2" + .- 42", (1.1)

Later Gallagher [1] established a stronger result by a different method. An explicit value
for the number k of powers of 2 was firstly established by the first author, Liu, Liu and
Wang [9], who found that & = 54 000 is acceptable. The original value for the number k
was subsequently improved by Li [4], Wang [13] and Li [5]. In 2002, Heath-Brown and
Puchta [2] applied a rather different approach to this problem and showed that k = 13
is acceptable. In 2003, Pintz and Ruzsa [12] proved k = 7 under GRH and announced
that k£ = 8 is acceptable unconditionally.

Hua [3] proved that for each large integer n = 5(mod 24) can be written as a sum of
five squares of primes in 1938. In 1999, Liu, Liu and Zhan [10] showed that every large
even integer n can be written as a sum of four squares of primes and a bounded number
of powers of 2, namely

n=pi+ps+p3+p;+2° +-- 4 2%, (1.2)

Subsequently Liu and Liu [8] got that k = 8330 suffices. Later Liu and Lii [11] improved
the value of k of (1.2) to 165 and Li [6] improved it to 151.

Recently, Liu [7] first considered the result on simultaneous representation of pairs of

positive even integers Ny > N; > Ny with N3 = Na(mod 8), in the form

Ny =pi+p3 +p5 +pi +2" 4+ 2%, (1.3)

No = p3 +pg +p7 +p§ + 2" + -+ 2%, '

where k is a positive integer. He proved that the simultaneous equations (1.3) are solvable

for k = 584. In this short paper, we sharpen this result considerably by establishing the
following theorem.

Theorem 1.1. For k = 142, Egs. (1.3) are solvable for every pair of sufficiently large
positive even integers N1 and Na satisfying No > N1 > No and N; = Na(mod 8).

We establish Theorem 1.1 by means of the Hardy-Littlewood method in combination
with some new methods of Zhao [14].

Notation. Throughout this paper, the letter ¢ denotes a positive constant which is ar-

bitrarily small but may not the same at different occurrences. p and v denote a prime
number and a positive integer, respectively.

2. Outline of the method

Here we give an outline for the proof of Theorem 1.1.
In order to apply the Hardy—Littlewood method, we set
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