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Let Z be the set of integers, and let p be a prime of the 
form 8k + 1. Suppose q ∈ Z, 2 � q, p � q, p = c2 + d2 =
x2 + 2qy2, c, d, x, y ∈ Z and c ≡ 1 (mod 4). In this paper 
we establish congruences for (−q)(p−1)/8 (mod p) and present 
new reciprocity laws.
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1. Introduction

Let Z be the set of integers, i =
√
−1 and Z[i] = {a + bi | a, b ∈ Z}. For any positive 

odd number m and a ∈ Z let ( a
m ) be the (quadratic) Jacobi symbol. For convenience 

we also define (a1 ) = 1 and ( a
−m ) = ( a

m ). Then for any two odd numbers m and n
with m > 0 or n > 0 we have the following general quadratic reciprocity law: (mn ) =
(−1)m−1

2 ·n−1
2 ( n

m ).
For a, b, c, d ∈ Z with 2 � c and 2 | d, one can define the quartic Jacobi symbol (a+bi

c+di )4
as in [S1,S2,S4]. From [IR] we know that (a−bi

c−di )4 = (a+bi
c+di )

−1
4 . In Section 2 we list main 

properties of the quartic Jacobi symbol. See also [IR,BEW,S4]. For the history of quartic 
reciprocity laws, see [Lem].

Let p be a prime of the form 4k + 1, q ∈ Z, 2 � q and p � q. Suppose that p =
c2 + d2 = x2 + qy2, c, d, x, y ∈ Z, c ≡ 1 (mod 4), d = 2rd0 and d0 ≡ 1 (mod 4). 
Assume that (c, x + d) = 1 or (d0, x + c) = 1, where (m, n) is the greatest common 
divisor of m and n. In [S5], using the quartic reciprocity law the author deduced some 
congruences for q[p/8] (mod p) in terms of c, d, x and y, where [a] is the greatest integer 
not exceeding a.

Let p be a prime of the form 8k + 1, q ∈ Z, 2 � q and p � q. Then q is an octic residue 
(mod p) if and only if q(p−1)/8 ≡ 1 (mod p). In the classical octic reciprocity laws (see 
[Lem] and [BEW]), we always assume that p = c2 +d2 = a2 +2b2 (a, b, c, d ∈ Z). Inspired 
by [S5], in this paper we continue to discuss congruences for (−q)(p−1)/8 (mod p) and 
present new reciprocity laws, but we assume that p = c2 +d2 = x2 +2qy2. Here are some 
typical results:

� Let p and q be primes such that p ≡ 1 (mod 8), q ≡ 7 (mod 8), p = c2+d2 = x2+2qy2, 
c, d, x, y ∈ Z, c ≡ 1 (mod 4), d = 2rd0 and d0 ≡ 1 (mod 4). Assume (c, x + d) = 1
or (d0, x + c) = 1. Then (−q) p−1

8 ≡ (dc )m (mod p) if and only if ( c−di
c+di )

q+1
8 ≡ im

(mod q).
� Let p ≡ 1 (mod 8) be a prime, p = c2 + d2 = x2 + 2(a2 + b2)y2, a, b, c, d, x, y ∈ Z, 
a �= 0, 4 | a, (a, b) = 1, c ≡ 1 (mod 4), d = 2rd0 and d0 ≡ 1 (mod 4). Assume 
(c, x + d) = 1 or (d0, x + c) = 1. Then (−a2 − b2) p−1

8 ≡ (−1) d
4 + y

2 ( c
d )m (mod p) if and 

only if ( (ac+bd)/x
b+ai )4 = im.

� Let p be a prime of the form 8k+1 and a ∈ Z with 2 � a. Suppose that p = c2 +d2 =
x2 + (a2 + 1)y2, c, d, x, y ∈ Z, c ≡ 1 (mod 4), d = 2rd0(2 � d0) and 4 | y. Assume 
(c, x + d) = 1 or (d0, x + c) = 1. Then (a +

√
a2 + 1 ) p−1

4 ≡ (−1) d
4 + y

4 (mod p).

When a is even, a congruence for (a +
√
a2 + 1 )(p−1)/4 (mod p) was given by the 

author in [S6, Corollary 4.1]. When a ≥ 3 is a positive integer and a2 + 1 is squarefree, 
a +

√
a2 + 1 is just the fundamental unit εa2+1 of the quadratic field Q(

√
a2 + 1 ). For 

early results and conjectures on ε(p−1)/4
d (mod p), see [L2,LW1,LW2,HK,Lem,S2].

Throughout this paper, if n ∈ Z, 2α | n and 2α+1 � n, then we write that 2α ‖ n.
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