
Journal of Number Theory 137 (2014) 201–221

Contents lists available at ScienceDirect

Journal of Number Theory

www.elsevier.com/locate/jnt

New convolution identities for hypergeometric Bernoulli
polynomials

Hieu D. Nguyen ∗, Long G. Cheong
Department of Mathematics, Rowan University, Glassboro, NJ 08028, USA

a r t i c l e i n f o a b s t r a c t

Article history:
Received 8 July 2013
Received in revised form 15
November 2013
Accepted 15 November 2013
Available online 3 January 2014
Communicated by David Goss

MSC:
primary 11B68

Keywords:
Hypergeometric Bernoulli
polynomial
Appell sequence
Convolution
Sums of products

New convolution identities of hypergeometric Bernoulli poly-
nomials are presented. Two different approaches to proving
these identities are discussed, corresponding to the two
equivalent definitions of hypergeometric Bernoulli polynomials
as Appell sequences.

© 2014 Elsevier Inc. All rights reserved.

1. Introduction

It is well known that the Euler–Maclaurin Summation (EMS) formula given by

n∑
k=0

f(k) =
n∫

0

f(x) dx + 1
2
[
f(n) + f(0)

]
+

∞∑
k=2

Bk

k!
[
f (k−1)(n) − f (k−1)(0)

]
(1)
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is extremely useful for approximating sums and integrals and for deriving special formu-
las. Here, Bn are the Bernoulli numbers defined by the exponential generating function

t

et − 1 =
∞∑

n=0
Bn

tn

n!

For example, if we set f(x) = xp in (1) and use the fact that B0 = 1 and B1 = −1/2,
then we obtain the classical sums of powers formula first discovered by Jacob Bernoulli:

n∑
k=1

kp = np +
p∑

k=0

p!
k!(p− k + 1)!Bkn

p+1−k

Consider next the special case of the EMS formula where n = 1, which we shall write in
the form

1∫
0

f(x) dx = 1
2
[
f(1) + f(0)

]
−

∞∑
k=2

Bk

k!
[
f (k−1)(1) − f (k−1)(0)

]
(2)

If we again set f(x) = xn in (2), then we obtain the classic Bernoulli number identity
first discovered by Euler:

n∑
k=0

(
n + 1
k

)
Bk = 0

It is natural to ask if other Bernoulli number identities can be obtained by substitution.
For example, is there a function f(x) which when substituted into (2) will yield the
following quadratic identity?

n+1∑
k=0

(
n + 1
k

)
BkBn−k+1 = −(n + 1)Bn − nBn+1 (3)

The answer, not surprisingly, is yes. The surprise however is the choice for f(x). It is clear
that f(x) should involve the Bernoulli numbers since (3) contains products of Bernoulli
numbers. Therefore, a natural choice for f(x) would be to set it equal to a Bernoulli
polynomial, say Bn(x). However, the reader will discover that substituting f(x) = Bn(x)
into (2) yields the trivial identity. The correct answer is f(x) = (1 − x)Bn(x).

The Bernoulli polynomials Bn(x) give an example of an Appell sequence. As such,
there are two equivalent definitions for Bn(x): one via the exponential generating function

text

et − 1 =
∞∑

n=0
Bn(x) t

n

n! (4)

and the other as a polynomial sequence with the following properties:
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