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We consider digital expansions to the base of an algebraic integer τ .
For a w � 2, the set of admissible digits consists of 0 and one
representative of every residue class modulo τ w which is not
divisible by τ . The resulting redundancy is avoided by imposing
the width-w non-adjacency condition. Such constructs can be
efficiently used in elliptic curve cryptography in conjunction with
Koblitz curves. The present work deals with analysing the number
of occurrences of a fixed non-zero digit. In the general setting, we
study all w-NAFs of given length of the expansion (expectation,
variance, central limit theorem). In the case of an imaginary
quadratic τ and the digit set of minimal norm representatives,
the analysis is much more refined. The proof follows Delange’s
method. We also show that each element of Z[τ ] has a w-NAF in
that setting.
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1. Introduction

Let τ ∈ C be an algebraic integer. We consider τ -adic expansions for an element of Z[τ ] using
a redundant digit set D. This means that our expansions need not be unique without any further
constraints. However, by applying a width-w non-adjacency property to the digits of a representation,
together with choosing an appropriate digit set, we gain uniqueness. The mentioned property simply
means that each block of w digits contains at most one non-zero digit.

Such expansions have a low Hamming weight, i.e., a low number of non-zero digits. This is of
interest in elliptic curve cryptography: There, scalar multiples of points can be computed by using
τ -adic-expansions, where τ corresponds to the Frobenius endomorphism. See Section 2 for a more
detailed discussion.

The aim of this paper is to give a precise analysis of the expected number of non-zeros in τ -adic
expansions of elements in Z[τ ], corresponding to the expected number of costly curve operations.
Several random models can be considered.

The easiest model is to consider all expansions of given length to be equally likely; this is called
the “full block length” model. The result for arbitrary algebraic integers is given in Theorem 5.1.
The appropriateness of this random model becomes debatable when looking at the set of complex
numbers admitting such an expansion of given length: This is the intersection of the lattice of integers
in the number field with a fractal set, a scaled version of the “Fundamental domain”, cf. Fig. 10.1.

A more natural choice seems to be to consider the expansions of all integers in Z[τ ] whose ab-
solute value is bounded by some N . The main result of this paper (Theorem 11.1) is exactly such
a result, where we assume τ to be a imaginary quadratic number. Theorem 11.1 is, in fact, more
general: instead of considering all integers within a scaled version of the unit circle, we consider all
integers contained in a scaled copy of some set U . Instead of counting the number of non-zeros, we
count the number of occurrences of each digit. The full block length analysis result will indeed be
needed to prove Theorem 11.1.

For given τ and block length w � 2, several digit sets could be chosen. A rather natural choice
was proposed by Solinas [19,20]: Consider the residue classes modulo τ w in Z[τ ]. As digit set, we
use zero and a minimal norm representative from each residue class not divisible by τ . Now let
z ∈ Z[τ ] with z =∑�−1

j=0 z jτ
j . This expansion is a width-w τ -adic non-adjacent form, or w-NAF for

short, if each block of w consecutive digits z j . . . z j+w−1 contains at most one non-zero digit. The
name “non-adjacent form” goes back to Reitwiesner [18].

It is commonly known that such expansions, if they exist, are unique, whereas the existence was
only known for special cases, see Section 2. In this paper in Section 7 we show that, for imaginary
quadratic τ and w � 2, every element of Z[τ ] admits a unique w-NAF, see Theorem 7.1. Additionally
a simple algorithm for calculating those expansions is given.

The full block length analysis is carried out in Section 5: We define a random variable Xn,w,η for
the number of occurrences of η in all w-NAFs of a fixed length n. It is assumed that all those w-NAFs
are equally likely. For an arbitrary algebraic integer τ Theorem 5.1 gives explicit expressions for the
expectation and the variance of Xn,w,η . Asymptotically we get E(Xn,w,η) ∼ ewn and V(Xn,w,η) ∼ v wn
for constants ew and v w depending on w and the norm of τ . The proof uses a regular expression
describing the w-NAFs. This will then be translated into a generating function. Further in this theorem
it is shown that Xn,w,η satisfies a central limit theorem.
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