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Let V be a variety of associative algebras with involution over a field F of 
characteristic zero and let c∗n(V), n = 1, 2, . . ., be its ∗-codimension sequence. 
Such a sequence is polynomially bounded if and only if V does not contain the 
commutative algebra F ⊕ F , endowed with the exchange involution, and M , a 
suitable 4-dimensional subalgebra of the algebra of 4 × 4 upper triangular matrices. 
Such algebras generate the only varieties of ∗-algebras of almost polynomial growth, 
i.e., varieties of exponential growth such that any proper subvariety is polynomially 
bounded. In this paper we completely classify all subvarieties of the ∗-varieties of 
almost polynomial growth by giving a complete list of finite dimensional ∗-algebras 
generating them.

© 2015 Elsevier B.V. All rights reserved.

1. Introduction

Let A be an associative algebra with involution (∗-algebra) over a field F of characteristic zero and let 
c∗n(A), n = 1, 2, . . ., be its sequence of ∗-codimensions.

Recall that c∗n(A), n = 1, 2, . . ., is the dimension of the space of multilinear polynomials in n ∗-variables 
in the corresponding relatively free algebra with involution of countable rank. In case A satisfies a nontrivial 
identity, it was proved in [9] that, as in the ordinary case, c∗n(A) is exponentially bounded.

Given a variety of ∗-algebras V, the growth of V is the growth of the sequence of ∗-codimensions of any 
algebra A generating V, i.e., V = var∗(A).

In this paper we are interested in varieties of polynomial growth, i.e., varieties of ∗-algebras such that 
c∗n(V) = c∗n(A) is polynomially bounded.

In such a case, if A is an algebra with 1, in [21] it was proved that

c∗n(A) = qnk + O(nk−1)
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is a polynomial with rational coefficients. Moreover its leading term satisfies the inequalities

1
k! ≤ q ≤

k∑
i=0

2k−i (−1)i

i! .

In case of polynomial growth, the following characterization was given in [8]: a variety V has polynomial 
growth if and only if V does not contain the commutative algebra F ⊕ F , endowed with the exchange 
involution, and M , a suitable 4-dimensional subalgebra of the algebra of 4 × 4 upper triangular matrices.

Hence var∗(F ⊕ F ) and var∗(M) are the only varieties of almost polynomial growth, i.e., they grow 
exponentially but any proper subvariety is polynomially bounded.

From their description it follows that there exists no variety with intermediate growth of the 
∗-codimensions between polynomial and exponential, i.e, either c∗n(V) is polynomially bounded or c∗n(V)
grows exponentially. The above 2 algebras play the role of the infinite-dimensional Grassmann algebra and 
the algebra of 2 × 2 upper triangular matrices in the ordinary case ([12,13]).

Recently, much interest was put into the study of varieties of polynomial growth (see for instance [3–6,
15,16,14,18]) and different characterizations were given.

In this paper we completely classify all subvarieties of the varieties of ∗-algebras of almost polynomial 
growth by giving a complete list of finite dimensional ∗-algebras generating them.

Moreover we classify all their minimal subvarieties of polynomial growth, i.e., varieties V satisfying the 
property: c∗n(V) ≈ qnk for some k ≥ 1, q > 0, and for any proper subvariety U � V, c∗n(U) ≈ q′nt with t < k.

2. On star-algebras with polynomial codimension growth

Throughout this paper F will denote a field of characteristic zero and A an associative F -algebra with 
involution ∗. Let us write A = A+ ⊕A−, where A+ = {a ∈ A| a∗ = a} and A− = {a ∈ A| a∗ = −a} denote 
the sets of symmetric and skew elements of A, respectively. Let X = {x1, x2, . . .} be a countable set and let 
F 〈X, ∗〉 = F 〈x1, x∗

1, x2, x∗
2, . . .〉 be the free associative algebra with involution on X over F . It is useful to 

regard to F 〈X, ∗〉 as generated by symmetric and skew variables: if for i = 1, 2, . . ., we let yi = xi + x∗
i and 

zi = xi−x∗
i , then F 〈X, ∗〉 = F 〈y1, z1, y2, z2, . . .〉. Recall that a polynomial f(y1, . . . , yn, z1, . . . , zm) ∈ F 〈X, ∗〉

is a ∗-polynomial identity of A (or simply a ∗-identity), and we write f ≡ 0, if f(s1, . . . , sn, k1, . . . , km) = 0
for all s1, . . . , sn ∈ A+, k1, . . . , km ∈ A−.

We denote by Id∗(A) = {f ∈ F 〈X, ∗〉|f ≡ 0 on A} the T ∗-ideal of ∗-identities of A, i.e., Id∗(A) is an 
ideal of F 〈X, ∗〉 invariant under all endomorphisms of the free algebra commuting with the involution ∗.

It is well known that in characteristic zero, every ∗-identity is equivalent to a system of multilinear 
∗-identities. We denote by

P ∗
n = spanF

{
wσ(1) · · ·wσ(n) | σ ∈ Sn, wi = yi or wi = zi, i = 1, . . . , n

}
the vector space of multilinear polynomials of degree n in the variables y1, z1, . . . , yn, zn. Hence for every 
i = 1, . . . , n either yi or zi appears in every monomial of P ∗

n at degree 1 (but not both).
The study of Id∗(A) is equivalent to the study of P ∗

n ∩ Id∗(A) for all n ≥ 1 and we denote by

c∗n(A) = dimF
P ∗
n

P ∗
n ∩ Id∗(A) , n ≥ 1,

the n-th ∗-codimension of A.
If A is an algebra with 1, by [2] Id∗(A) is completely determined by its multilinear proper polynomials. 

Recall that f(y1, z1, . . . , yn, zn) ∈ P ∗
n is a proper polynomial if it is a linear combination of elements of the 

type
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