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In this paper, we study rings having the property that every right ideal is auto-
morphism-invariant. Such rings are called right a-rings. It is shown that (1) a right 
a-ring is a direct sum of a square-full semisimple artinian ring and a right square-
free ring, (2) a ring R is semisimple artinian if and only if the matrix ring Mn(R)
is a right a-ring for some n > 1, (3) every right a-ring is stably-finite, (4) a right 
a-ring is von Neumann regular if and only if it is semiprime, and (5) a prime right 
a-ring is simple artinian. We also describe the structure of an indecomposable right 
artinian right non-singular right a-ring as a triangular matrix ring of certain block 
matrices.

© 2015 Elsevier B.V. All rights reserved.

1. Introduction

The study of rings characterized by homological properties of their one-sided ideals has been an active 
area of research. Rings for which every right ideal is quasi-injective (known as right q-rings) were introduced 
by Jain, Mohamed and Singh in [22] and have been studied in a number of other papers (see [3,4,6,16–27,
30,31]) by Beidar, Byrd, Hill, Ivanov and Koehler among other people. In [24] Jain, Singh and Srivastava 
studied rings whose each right ideal is a finite direct sum of quasi-injective right ideals and called such rings 
right Σ–q rings. Jain, López-Permouth and Syed in [21] studied rings with each right ideal quasi-continuous 
and in [7] Clark and Huynh studied rings with each right ideal, a direct sum of quasi-continuous right ideals.

Recall that a module M is called quasi-injective if M is invariant under any endomorphism of its injective 
envelope; equivalently, any homomorphism from a submodule of M to M extends to an endomorphism of M . 
As a natural generalization of these modules, Dickson and Fuller [8] initiated the study of modules which 
are invariant under any automorphism of their injective envelope. These modules have been recently named 
as automorphism-invariant modules by Lee and Zhou in [29]. In [9] Er, Singh and Srivastava proved that 
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a module M is automorphism-invariant if and only if any monomorphism from a submodule of M to M
extends to an endomorphism of M thus showing that automorphism-invariant modules are precisely the 
pseudo-injective modules studied by Jain and Singh in [23] and Teply in [36]. Guil Asensio and Srivastava 
[13] have shown that automorphism-invariant modules satisfy the full exchange property and these modules 
also provide a new class of clean modules. The decomposition of automorphism-invariant modules has been 
described in [9]. If M is an automorphism-invariant module, then M has a decomposition M = A ⊕B where 
A is quasi-injective and B is square-free. Recall that a module M is called square-free if M does not contain a 
nonzero submodule N isomorphic to X⊕X for some module X. Recently, Guil Asensio, Keskin Tütüncü and 
Srivastava [12] have initiated the study of a more general theory of modules invariant under automorphisms 
of their covers and envelopes. See [1,14,15,33,34] for more details on automorphism-invariant modules.

Rings all of whose right ideals are automorphism-invariant are called right a-rings [34]. Since every 
quasi-injective module is automorphism-invariant, the family of right a-rings includes right q-rings. In fact, 
the class of right a-rings is a much larger class than the class of right q-rings as there exist examples of 
rings that are right a-rings but not right q-rings. The goal of this paper is to study these right a-rings and 
to extend the results in [22] for this new class of rings. In particular, we show that:

(1) A right a-ring is a direct sum of a square-full semisimple artinian ring and a right square-free ring 
(Theorem 3.4).

(2) A ring R is semisimple artinian if and only if the matrix ring Mn(R) for some n > 1 is an a-ring 
(Theorem 3.6).

(3) If R is a right a-ring, then R is stably-finite, that is, every matrix ring over R is directly-finite (Theo-
rem 4.3).

(4) A right a-ring is von Neumann regular if and only if it is semiprime (Theorem 4.2), and a prime right 
a-ring is simple artinian (Theorem 4.7).

We also characterize indecomposable non-local right CS right a-rings. It is shown that:

(5) Let R be an indecomposable, non-local ring. Then R is a right q-ring if and only if R is right CS and a 
right a-ring (Theorem 4.9).

Let Δ be a right q-ring with an essential maximal right ideal P such that Δ/P is an injective right 
Δ-module. In a right q-ring, every essential right ideal is two-sided by [22, Theorem 2.3]. Hence Δ/P is a 
division ring. Let n be an integer with n ≥ 1, let D1, D2, . . . , Dn be division rings and Δ be a right q-ring, 
all of whose idempotents are central and the right Δ-module Δ/P is not embeddable into ΔΔ. Next, let Vi

be Di–Di+1-bimodule such that

dim({Vi}Di+1) = 1

for all i = 1, 2, . . . , n − 1, and let Vn be a Dn–Δ-bimodule such that VnP = 0 and

dim({Vn}Δ/P ) = 1.

We denote by Gn(D1, . . . , Dn, Δ, V1, . . . , Vn), the ring of (n + 1) × (n + 1) matrices of the form

Gn(D1, . . . , Dn,Δ, V1, . . . , Vn) :=

⎛
⎜⎜⎜⎜⎜⎜⎝

D1 V1
D2 V2

D3 V3
. . .

. .

. Dn Vn

Δ

⎞
⎟⎟⎟⎟⎟⎟⎠

.
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