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whenever £ > v,t with v3 = 1, 74 = 2, 75 = v/5 and Yn = 2.25
for n > 6. The result improves that of Guo et al. Our proof
depends on an auxiliary result in geometry asserting that the
area of an n-sided convex polygon is bounded by =, times the
maximum area of a triangle lying inside the polygon.

© 2014 Elsevier Inc. All rights reserved.

* Corresponding author.
E-mail addresses: wangxuefeng@ouc.edu.cn (X. Wang), ckli@math.wm.edu (C.-K. Li),
ytpoon@iastate.edu (Y.-T. Poon).

http://dx.doi.org/10.1016/j.1aa.2014.04.012
0024-3795/© 2014 Elsevier Inc. All rights reserved.


http://dx.doi.org/10.1016/j.laa.2014.04.012
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/laa
mailto:wangxuefeng@ouc.edu.cn
mailto:ckli@math.wm.edu
mailto:ytpoon@iastate.edu
http://dx.doi.org/10.1016/j.laa.2014.04.012
http://crossmark.crossref.org/dialog/?doi=10.1016/j.laa.2014.04.012&domain=pdf

4 X. Wang et al. / Linear Algebra and its Applications 498 (2016) 3—-20
1. Introduction

The nonnegative inverse eigenvalue problem concerns the study of necessary and suf-
ficient conditions for a given set of complex numbers Ay, ..., \, to be the eigenvalues of
an (entrywise) nonnegative matrix. This problem has attracted the attention of many
authors, and is still open; for example, see [4,1,11] and their references. In connection to
this study, researchers study the change of the Perron eigenvalue under the perturbation
of the other real or complex eigenvalues of a given nonnegative matrix. Here are several
results in this direction.

(1) In [6], the author proved the following:
Suppose p, Ao, A3, -+, A\, are the eigenvalues of an n x n nonnegative matriz A such
that p is the Perron eigenvalue, and Ay is real. Then, for any 0 < t < T, there is a
nonnegative matriz with eigenvalues p + 1, g £, A3, -+, Ap.

(2) Laffey [9] and Guo et al. [5] obtained the following independently:
Suppose p, Ao, A3, -+, A are the eigenvalues of an n X n nonnegative matrix A such
that p is the Perron eigenvalue, and (A2, A3) = (b+ic,b—ic) is a (non-real) complex
conjugate pair. Then, for any t,t € [0,00) with 2t < t, there is a nonnegative matriz
with eigenvalues p+t, Ay —t, A3 —t, g, -+, Ap.

(3) In [5, Proposition 3.1], Guo and Guo showed that:
Suppose p, Ao, A3, -+, Ay are the eigenvalues of an n X n nonnegative matrix A such
that p is the Perron eigenvalue, and (A2, A3) = (b+ic,b—ic) is a (non-real) complex
conjugate pair. Then, for any t,t € [0,00) with 4t < t, there is a nonnegative matriz
with eigenvalues p+t, Ay + 1, A3 +1, Mg, -+, A
The authors also pose the problem of finding the smallest constant ¢ for which the
above result holds with 4¢ replaced by ct. In [3] Cronin and Laffey show that ¢ =1
forn=3,c=2forn=4and c > 2 for n > 5. They further show that for ¢ > 2, the
result holds for sufficiently small ¢ but the question about arbitrary ¢ is left open.

The results in (1) and (2) above were shown to be optimal in the sense that the conclusion
may fail if £ < ¢ in (1) and ¢ < 2t in (2). However, the result in (3) may be strengthened.
In this paper, we improve the third result in the following.

Theorem 1.1. Suppose p, Ao, A3, - -+, Ay, are the eigenvalues of an nXn nonnegative matriz
A such that p is the Perron eigenvalue, and Ao = b+ ic and A3 = b — ic are (non-real)

complex conjugate pairs. Then for any t € [0,00) there is a nonnegative matriz with
etgenvalues

p+£7)‘2+tu)\3+t7)‘47"'a)‘n7

whenever t > vt with v3 =1, 74 = 2, 75 = V/5 and v, = 2.25 for n > 6.
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