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014y - - - £, where ¢}, is A, S, or N according as all, some, or
none of its principal minors of order k are nonzero. Such
sequences give more information than the (0,1) pr-sequences

MSC: previously studied (where basically the kth entry is 0 or 1
15A15 according as none or at least one of its principal minors
15A03 of order k is nonzero). Various techniques including the
15B57 Schur complement are introduced to establish that certain
05C50 subsequences such as NAN are forbidden in epr-sequences over
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Keywords: fields of characteristic not two. Using probabilistic methods
Principal rank characteristic over fields of characteristic zero, it is shown that any sequence
sequence of As and Ss ending in A is attainable, and any sequence of

Enhanced principal rank
characteristic sequence
Minor

As and Ss followed by one or more Ns is attainable; additional
families of attainable epr-sequences are constructed explicitly

Rank by other methods. For real symmetric matrices of orders
Symmetric matrix 2, 3, 4, and 5, all attainable epr-sequences are listed with
Hermitian matrix justifications.

Schur complement © 2015 Elsevier Inc. All rights reserved.

1. Introduction

For a symmetric matrix over a field F or a complex Hermitian matrix, Brualdi et al. [2]
and Barrett et al. [1] considered a principal rank characteristic sequence, which records
with a 1 or a 0 whether or not there is a full rank principal submatrix of each order. More
precisely, the principal rank characteristic sequence of an n X n symmetric or complex
Hermitian matrix B is the sequence pr(B) = ro]rira - -« 1y, where for k =0,1,...,n,al
in the kth position indicates the existence of a principal submatrix of rank k and a 0
indicates no such submatrix exists. To obtain more information, we refine this sequence
and instead of considering the presence or absence of such a principal submatrix, we
consider three possibilities in the following definition.

Definition 1.1. The enhanced principal rank characteristic sequence of a symmetric matrix
B € F™*" (or Hermitian matrix B € C™*™) is the sequence (epr-sequence) epr(B) =
{145 - - - £,, where

A if all k£ x k principal minors of the given order are nonzero;
lr, = < S if some but not all k x k principal minors are nonzero;
N if none of the k x k principal minors are nonzero, i.e., all are zero.

We are interested in which epr-sequences are attainable over a given field F', i.e., can
be attained by some (symmetric or Hermitian) matrix over F, and also which sequences
are forbidden over a given field, i.e., no such matrix has the sequence. We can now drop
the convention of having a Oth term given by 7y in the pr-sequence. In particular the
relationship between the old and new naming conventions for the beginning of a sequence
is as follows: 1]0 <> N, 1]1 +» 8, and 0]1 + A.

Brualdi et al. [2] introduced the definition of a pr-sequence for a real symmetric matrix
as a simplification of the principal minor assignment problem as stated in [4]. The study
of epr-sequences provides additional information that may be helpful in work on the
principal minor assignment problem, while remaining somewhat tractable. Furthermore,
the enhanced principal rank characteristic sequence can be used to answer the following
question [5, p. 112]: “For a real symmetric matrix, which lists of sizes, for which there
exists a singular principal submatrix, can occur?” (See Corollary 4.7.)

In Section 2, we identify certain forbidden and certain attainable epr-sequences, with
some results depending on the field; the Schur complement method for establishing
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