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Let Lm,n denote the convex set of completely positive trace 
preserving operators from Cm×m to Cn×n, i.e. quantum chan-
nels. We give a necessary condition for L ∈ Lm,n to be an 
extreme point. We show that generically, this condition is also 
sufficient. We characterize completely the extreme points of 
L2,2 and L3,2, i.e. quantum channels from qubits to qubits 
and from qutrits to qubits.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

Denote by Cm×n, Hm ⊃ Hm,+ ⊃ Hm,+,1 the space of complex m ×n matrices, m ×m

hermitian matrices, the cone of nonnegative definite matrices and the set of density 
matrices respectively. For A ∈ C

m×m we denote A ≥ 0 if and only if A ∈ Hm,+. Denote 
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by Pm ⊂ Hm,+,1 the set of all pure states in Hm,+,1, i.e. all rank one hermitian matrices 
of order m with trace one. Let [m] = {1, . . . , m} for any positive integer m. Recall that 
L : Cm×m → C

n×n is called completely positive if

L(X) =
k∑

i=1
AiXA∗

i , Ai ∈ C
n×m, i ∈ [k]. (1.1)

Observe that

L(X) =
k∑

i=1
BiXB∗

i , Bi = ζiAi, |ζi| = 1, i ∈ [k]. (1.2)

L is called quantum channel if L is completely positive and L : Hm,+,1 → Hn,+,1. This 
is equivalent to the statement that

k∑
i=1

A∗
iAi = Im, (1.3)

i.e. L is trace preserving: trL(X) = trX for all X ∈ C
m×m. Denote by Lm,n the convex 

set of all quantum channels L : Hm,+,1 → Hn,+,1. The aim of this note is to study the 
extreme points of Lm,n. We reprove and extend some of the results in [2,11,10]. Some 
related results are discussed in [1,13,14,4]. One of the novel features of this paper is the 
use of the notions and results of complex and real algebraic geometry, and semi-algebraic 
geometry.

The paper is organized as follows. In Section 2 we state Choi’s theorem, character-
izing a completely positive operator L : Cm×m → C

n×n in terms of a suitable matrix 
representation Z(L) in Cmn×mn, and point out a relation between rank Z(L) and the 
number of summands in the representation (1.1) of L. In Section 3 extreme points of the 
compact convex set Lm,n are considered. We give a necessary and sufficient condition 
for L to be an extreme point of Lm,n in terms of the null space of the matrix Z(L). For 
this purpose we give a new proof of the result stating that if L ∈ Lm,n is an extreme 
point then rank Z(L) ∈ [m].

Conversely, in Section 4 we show that a generic L ∈ Lm,n with rank Z(L) = m is an 
extreme point of Lm,n. Information on L when rank Z(L) ≤ m is also given. In Section 5
we give a dimension condition on L ∈ Lm,n so that L(Hm,+,1) contains a density matrix 
of rank at most p. In Section 6 we fully characterize the extreme points of L2,2, namely 
we show that L ∈ L2,2 is an extreme point of that set if and only if either L is a unitary 
similarity transformation, or rank Z(L) = 2 and L is not a convex combination of two 
distinct unitary similarity transformations. This is known, but our approach is new. In 
Section 7 we characterize the extreme points of L3,2. Section 8 contains a brief discussion 
of entropy of quantum channels.
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