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1. Introduction

Fourier transforms defined over finite fields have played an important role in several
theoretical and application scenarios [1]. In digital signal processing, for instance, such
transforms are usually defined over prime finite fields and known as number-theoretic
transforms (NTT); in this framework, NTT are mainly employed in fast algorithms for
computing linear convolutions, which can be implemented by using fixed-point arith-
metic operations and, in some cases, by means of multiplication-free architectures [2,3].
On the other hand, Fourier transforms defined over extension fields, including fields of
characteristic two, are generally related to algebraic codes for data transmission, where
they can be used to decode Reed—Solomon codes [4-6]. The finite field Fourier transform
(FFFT, henceforth) can also be used in fast algorithms for solving Toeplitz systems of
equations [7], fragile watermarking schemes [8], video filtering [9], among other applica-
tion scenarios. In these contexts, the characterization of the FFFT with respect to its
eigenstructure constitutes a relevant research theme and new potential applications for
this mathematical tool can be investigated.

In particular, results concerning the eigenstructure of the FFFT contain several gaps
and are restricted to Fourier matrices over prime fields GF(p) of odd characteristic [10]. In
the latter, four eigenvalues and explicit bases of the eigenspaces are provided. The interest
in resuming investigations related to eigenvectors and eigenvalues of the FFFT is due to
their close connection to the recently introduced fractional Fourier transforms over finite
fields [11,12]. More specifically, some strategies for defining a fractional FFFT require
the construction of an orthonormal set of eigenvectors of the corresponding transform
matrix. In this paper, we consider FFFT over fields of characteristic two and present a
description of their eigenstructures. The paper is organized as follows: in Section 2, we
describe the FFFT matrix and, after setting up notations and providing two examples,
we compute its Jordan form, distinguishing two cases, depending on the remainder class
of matrix size modulo 4. We also compute the dimension of the eigenspace and show a set
of (possibly linearly dependent) eigenvectors. In Section 3, we provide a modified version
of the Vandermonde formula for matrices of type (ag +a; J ) over any field and apply the
formula to a matrix related to the FFFT matrix, in order to prove the independence of
a system of eigenvectors. Finally, in Section 4, we complete the system found to provide
a basis for the eigenspace and a Jordan basis.

2. FFFT over fields of characteristic 2: the Jordan form and the dimension of the

eigenspace

Definition 1. Let K be any field of characteristic 2. If K is finite, of order 2", we will
denote it by GF(2"). Let a € K be an element of finite multiplicative order N > 3.
We define the Fourier transform matrix associated with a to be
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