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Call an n-by-n invertible matrix S a Perron similarity if there 
is a real non-scalar diagonal matrix D such that SDS−1 is 
entrywise nonnegative. We give two characterizations of Per-
ron similarities and study the polyhedra C (S) := {x ∈ Rn :
SDxS−1 ≥ 0, Dx := diag (x)} and P (S) := {x ∈ C (S) :
x1 = 1}, which we call the Perron spectracone and Perron 
spectratope, respectively. The set of all normalized real spec-
tra of diagonalizable nonnegative matrices may be covered by 
Perron spectratopes, so that enumerating them is of interest.
The Perron spectracone and spectratope of Hadamard matri-
ces are of particular interest and tend to have large volume. 
For the canonical Hadamard matrix (as well as other matri-
ces), the Perron spectratope coincides with the convex hull of 
its rows.
In addition, we provide a constructive version of a result due to 
Fiedler [9, Theorem 2.4] for Hadamard orders, and a construc-
tive version of the Boyle–Handelman theorem [2, Theorem 5.1]
for Sulĕımanova spectra.
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1. Introduction

The real nonnegative inverse eigenvalue problem (RNIEP) is to determine which sets 
of n real numbers occur as the spectrum of an n-by-n nonnegative matrix. The RNIEP 
is unsolved for n ≥ 5, and the following variations, which are also unsolved for n ≥ 5, are 
relevant to this work (additional background information on the RNIEP can be found 
in, e.g., [5,18,20]):

• Diagonalizable RNIEP (D-RNIEP): Determine which sets of n real numbers occur 
as the spectrum of an n-by-n diagonalizable nonnegative matrix.

• Symmetric NIEP (SNIEP): Determine which sets of n real numbers occur as the 
spectrum of an n-by-n symmetric nonnegative matrix.

• Doubly stochastic RNIEP (DS-RNIEP): Determine which sets of n real numbers 
occur as the spectrum of an n-by-n doubly stochastic matrix.

• Doubly stochastic SNIEP (DS-SNIEP): Determine which sets of n real numbers occur 
as the spectrum of an n-by-n symmetric doubly stochastic matrix.

The RNIEP and the SNIEP are equivalent when n ≤ 4 and distinct otherwise (see [13]). 
Notice that there is no distinction between the SNIEP and the D-SNIEP since every 
symmetric matrix is diagonalizable.

The set σ = {λ1, . . . , λn} ⊂ R is said to be realizable if there is an n-by-n nonnegative 
matrix with spectrum σ. If A is a nonnegative matrix that realizes σ, then A is called a 
realizing matrix for σ. It is well-known that if σ is realizable, then

sk(σ) :=
n∑

i=1
λk
i ≥ 0, ∀ k ∈ N (1.1)

ρ (σ) := max
i

|λi| ∈ σ (1.2)

smk (σ) ≤ nm−1skm(σ),∀ k,m ∈ N (1.3)

Condition (1.3), known as the J-LL condition, was proven independently by Johnson 
in [12], and by Loewy and London in [17].

In this paper, we introduce several polyhedral sets whose points correspond to spectra 
of entrywise nonnegative matrices. In particular, given a nonsingular matrix S, we define 
several polytopic subsets of the polyhedral cone C (S) := {x ∈ R

n : SDxS
−1 ≥ 0, Dx :=

diag (x)} and use them to verify the known necessary and sufficient conditions for the 
RNIEP and SNIEP when n ≤ 4. For a nonsingular matrix S, we provide a necessary 
and sufficient condition such that C (S) is nontrivial. For every n ≥ 1, we characterize 
C(Hn), where Hn is the Walsh matrix of order 2n, which resolves a problem posed in 
[7, p. 48]. Our proof method yields a highly-structured (2n − 1)-class (commutative) 
association scheme and, as a consequence, a highly structured Bose–Mesner Algebra. In 
addition, we provide a constructive version of a result due to Fiedler [9, Theorem 2.4] for 
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