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We prove that every local derivation on a finite-dimensional 
semisimple Lie algebra over an algebraically closed field of 
characteristic zero is a derivation. We also give examples of 
finite-dimensional nilpotent Lie algebras L with dimL ≥ 3
which admit local derivations which are not derivations.
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1. Introduction

In 1990, Kadison [11] and Larson and Sourour [12] introduce the following concept 
of local derivation: Let X be a Banach A-bimodule over a Banach algebra A, a linear 

* Corresponding author.
E-mail addresses: sh_ayupov@mail.ru (Sh. Ayupov), karim2006@mail.ru (K. Kudaybergenov).

http://dx.doi.org/10.1016/j.laa.2015.11.034
0024-3795/© 2015 Elsevier Inc. All rights reserved.

http://dx.doi.org/10.1016/j.laa.2015.11.034
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/laa
mailto:sh_ayupov@mail.ru
mailto:karim2006@mail.ru
http://dx.doi.org/10.1016/j.laa.2015.11.034
http://crossmark.crossref.org/dialog/?doi=10.1016/j.laa.2015.11.034&domain=pdf


382 Sh. Ayupov, K. Kudaybergenov / Linear Algebra Appl. 493 (2016) 381–398

mapping Δ : A → X is said to be a local derivation if for every x in A there exists a 
derivation Dx : A → X, depending on x, satisfying Δ(x) = Dx(x).

The main problems concerning this notion are to find conditions under which local 
derivations become derivations and to present examples of algebras with local derivations 
that are not derivations [5,11,12]. Kadison proves in [11, Theorem A] that each continuous 
local derivation of a von Neumann algebra M into a dual Banach M -bimodule is a 
derivation. This theorem gave rise to studies and several results on local derivations on 
C∗-algebras, culminating with a definitive contribution due to Johnson, which asserts 
that every continuous local derivation of a C∗-algebra A into a Banach A-bimodule is 
a derivation [10, Theorem 5.3]. Moreover in his paper, Johnson also gives an automatic 
continuity result by proving that local derivations of a C∗-algebra A into a Banach 
A-bimodule X are continuous even if not assumed a priori to be so (cf. [10, Theorem 7.5]).

Investigation of local derivations on (not necessarily Banach) algebras of unbounded 
operators were initiated in papers [1] and [2]. A comprehensive survey of recent results 
concerning local and 2-local derivations on C∗- and von Neumann algebras is presented 
in [4].

The paper [1] is devoted to the study of local derivations on the algebra S(M, τ) of all 
τ -measurable operators affiliated with a von Neumann algebra M and a faithful normal 
semi-finite trace τ . One of the main results in the mentioned paper presents an unbounded 
version of Kadison’s Theorem A from [11] and it asserts that every local derivation on 
S(M, τ) which is continuous in the measure topology automatically becomes a deriva-
tion. In particular in the case of the type I von Neumann algebra M all such local 
derivations on S(M, τ) are inner derivations. Moreover for type I finite von Neumann 
algebras without abelian direct summands as well as for von Neumann algebras with the 
atomic lattice of projections, the continuity condition on local derivations is redundant. 
In [2] it was proved that each local derivation on the so-called non-commutative Arens 
algebras affiliated with a von Neumann algebra M and a faithful normal semi-finite trace 
τ is automatically a derivation.

The paper [1] also deals with the problem of existence of local derivations which are 
not derivations on algebras of measurable operators. The consideration of such examples 
on various finite- and infinite-dimensional algebras was initiated by Kadison, Kaplansky 
and Jensen (see [11]). In [1] this problem has been solved for a class of commutative 
regular algebras, which include the algebras of measurable functions on a measure space. 
Namely necessary and sufficient conditions were obtained for the algebras of measurable 
and τ -measurable operators affiliated with a commutative von Neumann algebra to admit 
local derivations that are not derivations.

In [3] we initiated the study of derivation type maps on non-associative algebras, 
namely, we investigated so-called 2-local derivations on finite-dimensional Lie algebras, 
and showed an essential difference between semisimple and nilpotent Lie algebras in the 
behavior of their 2-local derivations. Recently Z. Chen and D. Wang [6] have proved that 
any 2-local automorphism on a simple Lie algebra of type Al, Dl, Ek (k = 6, 7, 8) over 
an algebraically closed field of characteristic zero is an automorphism.
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