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We introduce and study tropical eigenpairs of tensors, a gener-
alization of the tropical spectral theory of matrices. We show 
the existence and uniqueness of an eigenvalue. We associate 
with a tensor a directed hypergraph and define a new type of 
cycle on such a hypergraph, which we call an H-cycle. The 
eigenvalue of a tensor turns out to be equal to the mini-
mal normalized weighted length of H-cycles of the associated 
hypergraph. We show that the eigenvalue can be computed 
efficiently via a linear program.

© 2015 Elsevier Inc. All rights reserved.

1. Background

A tensor of order m and rank n is an array A = (ai1···im) of elements of a field or 
semifield K (which we shall take to be R or R = R ∪ {∞}), where 1 ≤ i1, . . . , im ≤ n. 
In ordinary arithmetic, given x ∈ R

n, we define

(Axm−1)i :=
n∑

i2,...,im=1
aii2···imxi2 · · ·xim .
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Here A is being contracted with x⊗(m−1), the (m − 1)st tensor power of x. An 
H-eigenpair [9] of a tensor is defined as follows. Define x[m−1] = (xm−1

i )i. Then an 
H-eigenpair is a pair (x, λ) ∈ P

n−1 × R such that

Axm−1 = λx[m−1].

Let A be an n × n matrix with entries in the tropical semiring (R, ⊕, �). We shall 
take ⊕ to be min throughout. An eigenvalue of A is a number λ such that

A� v = λ� v.

The nature of tropical eigenpairs is understood in the setting of matrices [10,12] but a 
survey of the literature shows no prior research on tropical eigenpairs of tensors.

Definition 1.1. A tropical H-eigenpair for a tensor (ai1···im) ∈ R
nm of order m and rank n

is a pair (x, λ) ∈ R
n/R(1, 1, . . . , 1) × R such that

n⊕
i2,...,im=1

aii2···im � xi2 � · · · � xim = λ� x
�(m−1)
i , i = 1, 2, . . . , n. (1)

We call x a tropical H-eigenvector and λ a tropical H-eigenvalue.

In the classical setting, several other definitions of eigenpairs of tensors exist. For 
instance, an E-eigenpair is defined via the condition

Axm−1 = λx.

We define the tropicalization here in an analogous manner. In this paper, we focus 
on H-eigenpairs and only discuss E-eigenpairs for purposes of comparison. Note that the 
notions of E- and H-eigenpairs coincide with the usual notion of eigenpairs of matrices 
in the case of matrices.

Example 1.2. Take n = 2 and m = 3. Then a tropical H-eigenpair (x, λ) satisfies

min{a111 + 2x1, a112 + x1 + x2, a121 + x2 + x1, a122 + 2x2} = λ + 2x1

min{a211 + 2x1, a212 + x1 + x2, a221 + x2 + x1, a222 + 2x2} = λ + 2x2.

Define a partial symmetrization map PSym on tensors via

(PSymA)i1,...,in := min
σ∈S{2,...,m}

Ai1,iσ(2),...,iσ(n) ,

where S{2, . . . , m} is the set of permutations of {2, . . . , m}. Let a′i1,...,in :=
(PSymA)i1,...,in . Observe that
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