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Let k be a positive integer and R a ring having unit 1. Denote
by Z(R) the center of R. Assume that the characteristic of
R is not 2 and there is an idempotent element e ∈ R such
that R satisfies aRe = {0} ⇒ a = 0, aR(1 − e) = {0} ⇒
a = 0, Z(eRe)k = Z(eRe) and Z((1 − e)R(1 − e))k =
Z((1 − e)R(1 − e)). Then every additive map f : R → R
is k-commuting if and only if f(x) = αx+ h(x) for all x ∈ R,
where α ∈ Z(R) and h is an additive map from R into
Z(R). As applications, all k-commuting additive maps on
prime rings and von Neumann algebras are characterized.

© 2014 Elsevier Inc. All rights reserved.

1. Introduction

Let R be an associative ring. For any elements a, b ∈ R, we set [a, b]0 = a, [a, b]1 =
ab − ba, and inductively [a, b]k = [[a, b]k−1, b], where k is a positive integer. Denote
by Z(R) the center of R and Z(R)k = {z ∈ R: [z, a]k = 0 for all a ∈ R}. Clearly,
Z(R)1 = Z(R) and Z(R)k ⊆ Z(R)m whenever k � m. Recall that an additive map

✩ This work is partially supported by National Natural Science Foundation of China (11171249, 11101250)
and Youth Foundation of Shanxi Province (2012021004).
* Corresponding author.

E-mail addresses: xiaofeiqisxu@aliyun.com (X. Qi), jinchuanhou@aliyun.com (J. Hou).

0024-3795/$ – see front matter © 2014 Elsevier Inc. All rights reserved.
http://dx.doi.org/10.1016/j.laa.2013.12.038

http://dx.doi.org/10.1016/j.laa.2013.12.038
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/laa
mailto:xiaofeiqisxu@aliyun.com
mailto:jinchuanhou@aliyun.com
http://dx.doi.org/10.1016/j.laa.2013.12.038
http://crossmark.crossref.org/dialog/?doi=10.1016/j.laa.2013.12.038&domain=pdf


X. Qi, J. Hou / Linear Algebra and its Applications 468 (2015) 48–62 49

f : R → R is k-commuting if [f(a), a]k = 0 for all a ∈ R; particularly, is commuting if
k = 1, that is, [f(a), a] = 0 for all a ∈ R.

The study of commuting maps and the relation with the commutativity of rings goes
back to 1955 when Divinsky [9] proved that a simple Artinian ring is commutative if it has
a commuting automorphism different from the identity map. This raises an interesting
question of characterizing commuting additive maps on rings. Brešar in [4] proved that,
if F is a commuting additive map from a von Neumann algebra M into itself, then there
exist Z ∈ Z(M) and an additive map h : M → Z(M) such that F (A) = ZA + h(A)
for all A ∈ M. Later, Brešar [6] gave the same characterization of commuting additive
maps on prime rings. For other results on various rings and algebras, see Refs. [5,8,14]
and the references therein. Also, see a survey paper of Brešar [7] for a full account on
commuting additive maps.

It is clear that the concept of k-commuting maps is a generalization of commuting
maps. Generally speaking, every commuting map is k-commuting for any k � 1; but the
converse is not true. Vukman [17] showed that, if there exists a nonzero derivation d on
a prime ring R with characteristic not 2 such that [d(x), x]2 = 0 for all x ∈ R, then R
is commutative. Also, by applying the theory of functional identities in rings, Beidar [2]
and Martindale [3] studied the k-commuting additive maps respectively on prime rings
and prime rings with involution. For other results on k-commuting additive maps, see
[12,14,16] and the references therein.

Recently, the problem of characterizing k-commuting additive maps was studied by
Du and Wang in [10], where they gave a concrete form of k-commuting additive maps on
certain triangular algebras. Let U = Tri(A,M,B) be a triangular algebra and f : U → U
a k-commuting additive map. If U satisfies the conditions: (i) Z(A)k = πA(Z(U)), the
natural projection from U onto A, (ii) Z(B)k = πB(Z(U)) and (iii) there exists m0 ∈ M
such that Z(U) = {a + b: a ∈ Z(A), b ∈ Z(B), am0 = m0b}, then there exist a central
element z ∈ Z(U) and an additive map h : U → Z(U) such that f(x) = zx+h(x) for all
x ∈ U .

The purpose of the present paper is to consider the problem of characterizing
k-commuting additive maps on general rings.

Let R be a ring having unit 1 and an idempotent element e, and let Z(R) denote
the center of R. Assume that the characteristic of R is not 2 and satisfies that aRe =
{0} ⇒ a = 0, aR(1− e) = {0} ⇒ a = 0, Z(eRe)k = Z(eRe) and Z((1− e)R(1− e))k =
Z((1 − e)R(1 − e)). Let f : R → R be an additive map. We show that the following
three statements are equivalent: (1) f is k-commuting for positive integer k � 1; (2) f is
commuting; (3) there exist α ∈ Z(R) and an additive map h : R → Z(R) such that
f(x) = αx + h(x) for all x ∈ R (Theorem 2.1). As applications, a characterization
of k-commuting additive maps on prime rings and von Neumann algebras is obtained
respectively (Corollaries 2.2–2.3).
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