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1. Introduction

Inspired by the paper [1], the author returned to the topic mentioned already decades
ago in [3]. It concerns the close relationship of the well known notion of majorization
with simple geometric objects.
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Let us recall the notion of majorization in the form presented in [1]. A vector z € R"
is majorized by a vector y € R", denoted by = < y, if for each k =1,2,...,n -1

k k
in:n S § Yiin,
i=1 i=1

and

n n
§ Tijin = E Yins
=1 =1

here, the ordered coordinates of the vector x are x1., > 2., > ... > Tp.,, and similarly
for y.

In addition, we call such a majorization nontrivial if the coordinates of the vector y
are not all equal.

A basic fact (see [4], Ch. 2) is:

Fact 1. We have = < y if and only if there exists a doubly stochastic n x n-matrix D
such that = = Dy.

Of course, a doubly stochastic matrix is a nonnegative matrix in which all row and
column sums are equal to one.

One should observe the basic aspect of majorization that it essentially compares an
unordered n-tuple of real numbers with another unordered n-tuple of real numbers. One
can thus speak about majorization among n-tuples of points on a line or among n-tuples
of vectors in a line.

Let us recall now some notions from the classical Euclidean geometry. A Euclidean
vector space is the real inner product space R™ of column vectors with the standard inner
product (x,y) = yTx. The point Euclidean n-space E,, based on the vector space R"
has as points the column (n + 1)-tuples with last coordinate 1, e.g.,

C=lei,ca,...,cn,1]7, (1)
and as vectors the column (n + 1)-tuples with last coordinate 0, e.g.,
v = [v1,V2,...,0,,0]T. (2)

The numbers ¢y, co,...,c, are coordinates of the point C, the numbers v1,vs,...,v,
are coordinates of the vector v. Algebraic operations with points are defined as
follows: If A, As,..., A, are points, ai,as,...,a, real numbers, then the symbol
a1A1 + agAs + -+ + am Ay, means a point if and only if Z}?:l ar = 1, and a vector
if and only if >°;" | ar = 0. In no other case is this symbol defined. The Euclidean dis-
tance, or distance, of two points A and B is the length of the vector A — B, i.e., for
A =lai,az,...,a,,1]7 and B = [by, by, ..., b,, 1], |A — B| = /(A — B, A — B) which

is equal to />, (ar — by)?.
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