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Any matrix unitarily invariant norm gives rise to a symmetric 
gauge function of the singular values of its matrix argument, 
but the dependency on the singular values is not equally 
weighted among them in the sense that the norm may not in-
crease with some of the singular values under sufficiently small 
increases while it always increases when some other singular 
values increase no matter how tiny the changes are. This paper 
introduces and characterizes (argument-)dependent classifica-
tions of unitarily invariant norms and in particular the class 
in which a unitarily invariant norm increases with each of the 
first k largest singular values.

© 2014 Elsevier Inc. All rights reserved.

1. Introduction

Consider the m × n matrix space Cm×n with complex entries, and assume, without 
loss of generality, m ≥ n. A matrix norm ‖ · ‖ on Cm×n is called a unitarily invariant 
norm if [1,2,4]

* Corresponding author.
E-mail addresses: wangxuefeng@ouc.edu.cn (X.-F. Wang), rcli@uta.edu (R.-C. Li).

1 Supported in part by NSFC grants 11371333/A011705 and Shandong Province NSF grant 
ZR2013AM025.
2 Supported in part by NSF grants DMS-1115834 and DMS-1317330, a Research Gift Grant from Intel 

Corporation, and NSFC grant 11428104.

http://dx.doi.org/10.1016/j.laa.2014.10.022
0024-3795/© 2014 Elsevier Inc. All rights reserved.

http://dx.doi.org/10.1016/j.laa.2014.10.022
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/laa
mailto:wangxuefeng@ouc.edu.cn
mailto:rcli@uta.edu
http://dx.doi.org/10.1016/j.laa.2014.10.022
http://crossmark.crossref.org/dialog/?doi=10.1016/j.laa.2014.10.022&domain=pdf


X.-F. Wang, R.-C. Li / Linear Algebra and its Applications 466 (2015) 254–266 255

1. ‖UXV ‖ = ‖X‖ for all X ∈ C
m×n;

2. ‖X‖ = ‖X‖2, the spectral norm, for all X ∈ C
m×n with rank(X) = 1.

Most commonly used unitarily invariant norms are the Frobenius norm ‖X‖F, the spec-
tral norm (2-norm) ‖X‖2, and the Ky Fan k-norms ‖X‖(k) for 1 ≤ k ≤ n.

We call a real-valued function Φ on Rn a symmetric gauge function if

1. Φ is a vector norm on Rn;
2. Φ(Px) = Φ(x) for any n × n permutation matrix P ;
3. Φ(|x|) = Φ(x), where |x| is x taking entrywise absolute value;
4. Φ(e1) = 1, where e1 = [1, 0, . . . , 0]T ∈ R

n and the superscript “T” takes the trans-
pose.

A well-known theorem of von Neumann [5] established a one–one correspondence 
between unitarily invariant norms ‖ ·‖ on Cm×n and symmetric gauge functions Φ on R

n

via3 (see [1, p. 91], [4, p. 78])

‖X‖ = Φ(σ1, σ2, . . . , σn),

where σ1 ≥ σ2 ≥ · · · ≥ σn are the singular values of X. For the aforementioned unitarily 
invariant norms, we have

1. the Ky Fan k norms (1 ≤ k ≤ n)

‖X‖(k) :=
k∑

i=1
σi =: Φ(k)(σ1, σ2, . . . , σn),

and in particular the spectral norm ‖X‖2 = ‖X‖(1);
2. the Frobenius norm

‖X‖F :=
(

n∑
i=1

σ2
i

)1/2

=: ΦF(σ1, σ2, . . . , σn).

It is interesting to notice that not all singular values play equal roles in determining 
a given unitarily invariant norm. For example, ‖X‖2 depends only on σ1, the largest 
singular value of X, in the sense that ‖X‖2 remains the same under sufficiently tiny 
changes to any of the smaller singular values. On the other hand, ‖X‖F depends on and 
increases with all singular values. Along this line, this paper investigates the monotonic-
ity properties of unitarily invariant norms with respect to the singular values of their 
argument.

3 For x = [ξi] ∈ R
n, we will write either Φ(x) or Φ(ξ1, ξ2, . . . , ξn) whichever is more convenient.
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