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This work concerns the distance in the 2-norm from a given 
matrix polynomial to a nearest polynomial with a specified 
number of its eigenvalues at specified locations in the 
complex plane. Initially, we consider perturbations of the 
constant coefficient matrix only. A singular value optimization 
characterization is derived for the associated distance. We 
also consider the distance in the general setting, when all 
of the coefficient matrices are perturbed. In this general 
setting, we obtain a lower bound in terms of another singular 
value optimization problem. The singular value optimization 
problems derived facilitate the numerical computation of the 
distances.
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1. Introduction

We study the distance from a given matrix polynomial to a nearest matrix polynomial 
with a specified number of its eigenvalues at specified locations in the complex plane. 
Formally, suppose P : C → C

n×n denotes a given polynomial defined by

P (λ) :=
m∑
j=0

λjAj . (1)

Here Aj ∈ C
n×n, j = 1, . . . , m are fixed, and we assume Am is full rank. Furthermore, 

suppose that a set S := {λ1, . . . , λs} consisting of complex scalars, and a positive in-
teger r, are given. We provide a singular value optimization characterization for the 
distance

τr(S) := inf
{
‖Δ‖2

∣∣∣ Δ ∈ C
n×n s.t.

s∑
j=1

mj(P + Δ) ≥ r

}
. (2)

Above mj(P + Δ) denotes the algebraic multiplicity of λj as an eigenvalue of P̃ (λ) :=
P (λ) +Δ, i.e., the multiplicity of λj as a root of the characteristic polynomial det(P̃ (λ)). 
We also consider this distance in the general setting, when perturbations of every co-
efficient Aj , j = 0, . . . , m, of P (λ) are admissible. Another singular value optimization 
characterization yielding a lower bound for the distance in this general setting is derived.

The characterizations derived here are generalizations of the singular value optimiza-
tion characterization for a linear matrix pencil of the form L(λ) = A0 + λA1 in [16], 
which was inspired by [19]. Unlike that in [19], the derivation here fully depends on 
a Sylvester equation characterization for the matrix polynomial P to have sufficiently 
many eigenvalues belonging to S. This yields a neater derivation. The machinery here 
and in [16] have similarities, but considerably more work is required here. Some of 
the additional machinery that we depend on in this matrix polynomial setting are as 
follows:

(1) The Sylvester equation characterizations are derived starting from the characteriza-
tions in [16], but the derivation employs the companion form linearizations of matrix 
polynomials in Section 2;

(2) The singular value optimization characterizations originate from a subtle relation 
between a pair of optimal left and right singular vectors. The details are worked 
out in Section 3.2. Analogous relations are observed in [19,16] for linear pencils, but 
the procedure for the same observation for an arbitrary matrix polynomial is more 
involved;

(3) The divided difference formulas in Section 3.5 provide means to express the derived 
singular value characterization in a comprehensible fashion. They are not needed in 
the linear pencil setting.
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