
Linear Algebra and its Applications 466 (2015) 501–511

Contents lists available at ScienceDirect

Linear Algebra and its Applications

www.elsevier.com/locate/laa

On the smallest eigenvalues of the line graphs 

of some trees

Akihiro Munemasa a, Yoshio Sano b,∗,1, Tetsuji Taniguchi c,2

a Graduate School of Information Sciences, Tohoku University, Sendai 980-8579, 
Japan
b Division of Information Engineering, Faculty of Engineering, Information and 
Systems, University of Tsukuba, Ibaraki 305-8573, Japan
c Department of Electronics and Computer Engineering, Hiroshima Institute of 
Technology, Hiroshima 731-5193, Japan

a r t i c l e i n f o a b s t r a c t

Article history:
Received 14 May 2014
Accepted 21 October 2014
Available online 4 November 2014
Submitted by R. Brualdi

MSC:
05C05
05C50
05C76

Keywords:
Graph eigenvalue
Line graph
Tree
Generalized Bethe tree

In this paper, we study the characteristic polynomials of the 
line graphs of generalized Bethe trees. We give an infinite fam-
ily of such graphs sharing the same smallest eigenvalue. Our 
family generalizes the family of coronas of complete graphs 
discovered by Cvetković and Stevanović.
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1. Introduction

All graphs considered in this paper are finite, undirected and simple. By an eigenvalue 
of a graph we mean an eigenvalue of its adjacency matrix. It is well known that graphs 
whose smallest eigenvalue is greater than −2 are the line graphs of trees, or the line 
graphs of a unicyclic graph with an odd cycle, certain generalized line graphs of trees, 
or exceptional graphs arising from the root system E8 (see [5]).

In this paper, we focus on the line graphs of trees and study the smallest eigenvalue 
of a particular type of such graphs. Our research is motivated by a question raised by 
Cvetković and Stevanović. In [4], it is shown that the sequence {λmin(Kn ⊗Kq)}∞n=1 is 
constant for a fixed integer q, where ⊗ denotes the corona of graphs (see page 51 of [3]
for a definition of corona and see also [6] for its generalization), and λmin denotes the 
smallest eigenvalue. Cvetković and Stevanović raised the following question:

Question 1. Do there exist other sequences of the line graphs of trees whose smallest 
eigenvalues are constant?

In this paper, we give an answer for this question by giving a larger family of graph 
sequences of the line graphs of trees which have a constant smallest eigenvalue (Corol-
lary 13).

For positive integers d1 = 1, d2 ≥ 2, . . . , dk−1 ≥ 2, dk ≥ 1, we define a tree B(d1, . . . ,
dk) to be a rooted tree with k levels in which every vertex at level j has degree dk−j+1. 
Note that Kn ⊗ Kq is isomorphic to the line graph L(B(1, q, n)) of the tree B(1, q, n). 
The tree B(d1, . . . , dk) is called a generalized Bethe tree (see [8,9]).

In the next section, we determine the characteristic polynomial of the line graph 
L(B(d1, . . . , dk)) of the tree B(d1, . . . , dk) in a factored form, thereby showing that 
the smallest eigenvalue of L(B(d1, . . . , dk)) is independent of dk (Theorem 9). We also 
show that the smallest eigenvalue of L(B(d1, . . . , dk)) has multiplicity dk − 1, and is a 
zero of a polynomial of degree k − 1 (Theorem 12). The characteristic polynomial of 
L(B(d1, . . . , dk)) has also been determined by Rojo and Jiménez [8] using a different 
method, but our result gives more concrete information about the smallest eigenvalue.

2. The characteristic polynomial

We denote by χG(λ) the characteristic polynomial of the adjacency matrix A(G) of a 
graph G, that is, χG(λ) = det(λI −A(G)).

Let G and H be rooted graphs with roots u and v, respectively. We denote by G ·H
the graph obtained from G and H by identifying the vertices u and v.

Lemma 2. (See Schwenk [10, Corollary 2b].) Let G and H be rooted graphs with roots u
and v, respectively. Then

χG·H(λ) = χG−u(λ)χH(λ) + χG(λ)χH−v(λ) − λχG−u(λ)χH−v(λ).
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