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1. Introduction

Let W = [w;;] be a nonnegative n x n matrix. Its spectral radius, denoted by p(W),
gives the asymptotic growth rate of any matrix norm of W* (see, for example, [5] and
[7, Section 5.6]). This fact is of wide application in population dynamics. For example, in
a Leslie matrix population model [3, Chapter 2], the spectral radius of the nonnegative
projection matrix W determines whether the population grows or goes to extinction,
depending on whether p(W) > 1 or 0 < p(W) < 1. In an infectious disease model [1,4]
with a nonnegative next-generation matrix W, the spectral radius p(W), called the basic
reproduction number in this content, often determines whether the disease persists or
dies out, depending on whether p(W) > 1 or p(W) < 1. A natural question is how to
reduce or enlarge one or more entries of W so that the controlled matrix W, (that is
obtained from W by reducing or enlarging those entries of W) has spectral radius 1. It
turns out that the target reproduction number defined in [11] can be used to measure
the magnitude of this reduction or enlargement.

Suppose that only one entry of W is targeted, say the entry w;; for some i, j with
1 <4, < n. Let A denote the matrix obtained from W by replacing the entry w;; by
zero, i.e.,

A=W — WP, (1.1)

where P; is the n X n projection matrix with the (i,7) entry equal to 1 and all other
entries 0. If p(A) < 1, then the target reproduction number T;; [11] is defined as

Tij = 'LUZ](I — A);il, (12)
where [ is the n x n identity matrix. To exclude trivial situations, we always assume

that p(WW) > 0 and that T;; > 0 whenever it is well defined. The following special case
of Theorem 4.4 in [11] gives a relation between p(WW) and T;;.

Proposition 1.1. Let W be an n x n nonnegative irreducible matriz such that p(A) < 1,
where A is as defined in (1.1). Then either 1 < p(W) < T;j, p(W) = T;; = 1, or
Tij < p(W) < 1.

The next result, a special case of Theorem 2.2 in [11], shows how T;; can be used to
modify w;; to find the controlled matrix W, whose spectral radius equals 1.

Proposition 1.2. Let W be an n x n nonnegative irreducible matriz such that p(A) < 1,
where A is as defined in (1.1). If W, is the controlled matriz obtained from W by replacing
wi; by wi; /Ty, then p(W,) = 1.

Example 1. Suppose W = [g:? 8:;]; then det(Al — W) = (A + 0.2)(A — 1.2), and

thus p(W) = 1.2. In this case, it follows from (1.2) that T1; = 0.5[737 1106_75)]1_11 =
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