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distance-regular graph with smallest eigenvalue —3. Moreover, we
classify the geometric distance-regular graphs with smallest eigen-
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Delsarte clique value —3. As an application, two feasible intersection arrays in the
Geometric distance-regular graph list of [7, Chapter 14] are ruled out.
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Smallest eigenvalue

1. Introduction

Let I be a distance-regular graph with valency k and let Oin, = Omin (") be its smallest eigenvalue.
Any clique C in T satisfies

k

ICl<1—— (1)

Qmin
(see [7, Proposition 4.4.6 (i)]). The bound (1) is due to Delsarte, and a clique C in I is called a Delsarte
clique if C contains exactly 1 — ﬁ vertices. Godsil [11] introduced the following notion of a geometric
distance-regular graph. A non-complete distance-regular graph I' is called geometric if there exists a
set C of Delsarte cliques such that each edge of I lies in a unique Delsarte clique in C. In this case we say
that I is geometric with respect to C. There are many examples of geometric distance-regular graphs,
such as bipartite distance-regular graphs, Hamming graphs, Johnson graphs, Grassmann graphs and

regular near 2D-gons.
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In particular, the local structure of geometric distance-regular graphs plays an important role in
the study of spectral characterization of some distance-regular graphs. In [1] we show that for given
integer D > 2, any graph cospectral with the Hamming graph H(D, q) is locally the disjoint union of
D copies of the complete graph of size ¢ — 1, for q large enough. Using this result and [4], we show in
[1] that the Hamming graph H(3, q) with ¢ > 36 is uniquely determined by its spectrum.

Neumaier [17] showed that except for a finite number of graphs, any geometric strongly regu-
lar graph with a given smallest eigenvalue —m, m > 1 integer, is either a Latin square graph or a
Steiner graph (see [17] and Remark 4.4 for the definitions). An n-claw is an induced subgraph on n + 1
vertices which consists of one vertex of valency n and n vertices of valency 1. Each distance-regular
graph without 2-claws is a complete graph. Note that for any geometric distance-regular graph I" with
respect to C a set of Delsarte cliques, the number of Delsarte cliques in C containing a fixed vertex is
—6Omin. Hence any geometric distance-regular graph with smallest eigenvalue —2 contains no 3-claws.
Blokhuis and Brouwer [6] determined the distance-regular graphs without 3-claws. Yamazaki [21]
considered distance-regular graphs which are locally a disjoint union of three cliques of size a; + 1,
and for a; > 1 these graphs are geometric distance-regular graphs with smallest eigenvalue —3.

In Theorem 4.3 we determine the geometric distance-regular graphs with smallest eigenvalue —3.
We now state the main result of this paper.

Theorem 1.1. Let I" be a non-complete distance-regular graph with valency k, diameter D and intersection
numbers a;, b;, ¢c; (1 < i < D). If T satisfies

8
max {3, E(al + 1)} < k < 4a; + 10 — 6¢y

then I is one of the following, where ¢(T") and h are as defined in (2) and (3).

(i) A Steiner graph S3(a — 3), i.e., a geometric strongly regular graph with parameters
(W, 30 — 9, a, 9), wherea > 36anda 1 (mod 3).
(ii) A Latin square graph LS3 (), i.e., a geometric strongly regular graph with parameters
(@?,3(a — 1), a, 6), where o > 24.
(iii) The generalized hexagon of order (8, 2) with ((T") = {24, 16, 16; 1, 1, 3}.
(iv) One of the two generalized hexagons of order (2, 2) with «(I") = {6, 4, 4; 1, 1, 3}.
(v) A generalized octagon of order (4, 2) with ((I") = {12, 8,8,8; 1,1, 1, 3}.
(vi) The Johnson graph J(«, 3), where o« > 20.
(vii) |(T) =B+ 3,20+ 2,0 +2— B;1,2,38}, wherea > 6anda > 8 > 1.
(viii) The halved Foster graph with ((T') = {6, 4, 2,1; 1,1, 4, 6}.
(ix) D=h+2 > 4and

1, , 20 + 2) for1 <i<h
(ci,ai, b)) =1 2,20 +B—1,a —B+2) fori=h-+1 , whereax > B > 2.
(3B,3a¢—38+3,0) fori=h+2
(x) D=h+2 > 3and
(1, a, 2a + 2) for1<i<h

(ciyai, b)) =1 (1, +28—2,2a0 —28+4) fori=h+1 , wherea > > 2.
(3B,3a¢—38+3,0) fori=h+2
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