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Abstract

In this paper we introduce a new approach to “hidden” boundary regularity for the linear wave equation 
with mixed Dirichlet–Neumann boundary conditions, where the Neumann data is non-smooth. First, we 
obtain existence and uniqueness of solution by Galerkin estimates. Then we use a new, pseudo-extractor 
technique (based on the Fourier transform and shape and tangential calculus) in order to provide sharp 
regularity for the solution at the boundary.
© 2015 Elsevier Inc. All rights reserved.
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1. Introduction

In this paper we provide existence and uniqueness of solution, as well as hidden bound-
ary regularity for the following wave equation with Dirichlet–Neumann boundary condition: 
Let D ⊂ R

n be fixed (potentially included in a C2 manifold). Let � ⊂ D be an open bounded 

* Corresponding author.
E-mail address: lvbociu@ncsu.edu (L. Bociu).

1 The research of the first author was partially supported by NSF grants IRFP 0802187 and DMS 1312801.

http://dx.doi.org/10.1016/j.jde.2015.07.006
0022-0396/© 2015 Elsevier Inc. All rights reserved.

http://www.sciencedirect.com
http://dx.doi.org/10.1016/j.jde.2015.07.006
http://www.elsevier.com/locate/jde
mailto:lvbociu@ncsu.edu
http://dx.doi.org/10.1016/j.jde.2015.07.006
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jde.2015.07.006&domain=pdf


L. Bociu, J.-P. Zolésio / J. Differential Equations 259 (2015) 5688–5708 5689

domain, with smooth boundary ∂� = � ∪ S, where meas(S) �= 0 and �̄ ∩ S̄ = ∅. We consider 
the following wave equation on I = [0, 2τ ]:

⎧⎪⎪⎨
⎪⎪⎩

ytt − �y = f Q = � × I
∂y
∂n

= g � = � × I

y = 0 S × I

y(0, x) = yt (0, x) = 0

(1.1)

Assumption 1.1. We impose the following conditions on the interior and boundary data f and g:

1. f (0, x) = 0 and [f ∈ L2(I × �) or f ∈ W 1,1(I, (H 1∗ (�))′)],
2. g(0, x) = 0 and g ∈ W 1,1(I, H−1/2(�)).

The motivation and need for this analysis came from the investigation of strong shape dif-
ferentiability for the wave equation with mixed (Dirichlet–Neumann) boundary conditions on a 
moving domain, where the Neumann data is non-smooth [2]. This is a fundamental question in 
shape optimization [21] and control problems for the linear wave equation and coupled systems 
where the hyperbolic equation is coupled with other dynamics, and the matching conditions at 
the boundary are of Neumann type [6]. Shape derivative analysis is now well known for var-
ious classical linear and nonlinear boundary value problems. However, the hyperbolic case is 
more delicate, precisely due to interior and boundary regularity of the solution. The case of 
Dirichlet boundary conditions has been solved in [5], where the authors took advantage of the 
well-known results provided in [13]. In comparison, Neumann boundary data that is non-zero, 
and non-smooth, induces the failure of the Lopatinski condition. It is well known in the literature 
that even for L2(�)-Neumann boundary data, the maximal amount of regularity that one obtains 
for the solution to the linear wave equation is C(0, T ; H 2/3(�)) (solution does not reach finite-
energy level) [13,17]. One way to overcome this is to introduce damping in the equation, which
will then counteract the source and provide the desired finite energy regularity for the solution to 
the wave equation. It was observed in the literature that even linear dissipation acting in the inte-
rior of the domain (i.e. g(ut ) = ut ) changes the problem to one where the Lopatinski condition 
is satisfied.

In the shape differentiability analysis mentioned above [2], the undamped wave has Neumann 
boundary source g ∈ W 1,1(H−1/2(�)). Implicitly, one does not a-priori have “good” interior 
and boundary regularity for the wave solution, which is a key ingredient in the differentiability 
analysis that one needs to perform.

The technique that we employ in this paper is a combination of Galerkin approximations with 
a careful adaptation of the “extractor technique”, which we call “pseudo-extractor technique” 
(described in Section 4). This is a different approach from [13], where the authors used pseudo-
differential calculus, and functional analysis techniques based on cosine/sine operators.

The extractor technique was first introduced in [9]. The main idea behind it is to use shape 
calculus, and take advantage of the Lagrangian (material) and the Eulerian (shape) expressions 
for the shape derivative of a well chosen “energy-like” functional with respect to an autonomous 
Lipschitzian vector field in Rn. This neat strategy was initially used to provide a fundamental 
identity as the foundation of the multiplier method for controllability problems [10].

The extractor technique was applied successfully for elliptic problems [9], and also for the 
wave equation with Dirichlet boundary conditions [5,20]. However, the extractor technique fails 
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