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Abstract

We consider the mathematical model of a rigid ball moving in a viscous incompressible fluid occupying 
a bounded domain �, with an external force acting on the ball. We investigate in particular the case when 
the external force is what would be produced by a spring and a damper connecting the center of the ball h
to a fixed point h1 ∈ �. If the initial fluid velocity is sufficiently small, and the initial h is sufficiently close 
to h1, then we prove the existence and uniqueness of global (in time) solutions for the model. Moreover, in 
this case, we show that h converges to h1, and all the velocities (of the fluid and of the ball) converge to zero. 
Based on this result, we derive a control law that will bring the ball asymptotically to the desired position 
h1 even if the initial value of h is far from h1, and the path leading to h1 is winding and complicated. Now, 
the idea is to use the force as described above, with one end of the spring and damper at h, while other end 
is jumping between a finite number of points in �, that depend on h (a switching feedback law).
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1. Introduction and main results

We consider a coupled system described by nonlinear partial and ordinary differential equa-
tions modelling the motion of a rigid body inside a viscous incompressible fluid in a bounded 
domain �. The fluid flow is described by the classical Navier–Stokes equations (see (1.1)–(1.2)
below), whereas the motion of the ball-shaped rigid body is governed by the Newton laws (see 
(1.6)–(1.7) below), including an external control force denoted by u acting on the ball.

The domain occupied by the fluid and the rigid ball is � ⊂R
3, a connected open bounded set 

with C2 boundary. The rigid ball has radius 1 and its center is located at the (variable) point h
which is at a distance > 1 from the boundary ∂�. We denote by B(h) the closed set occupied 
by the ball. The fluid is homogeneous with density ρ > 0 and viscosity ν > 0 and it occupies the 
domain

F(h) = � \B(h).

The full system of equations modelling the system, for t � 0, is

ρv̇ − ν�v + ρ(v · ∇)v + ∇p = 0, x ∈ F(h(t)), (1.1)

div v = 0, x ∈ F(h(t)), (1.2)

v = 0, x ∈ ∂�, (1.3)

ḣ = g, (1.4)

v = g(t) + ω(t) × (x − h(t)), x ∈ ∂B(h(t)), (1.5)

mġ = −
∫

∂B(h)

σ (v,p)nd	 + u, (1.6)

J ω̇ = −
∫

∂B(h)

(x − h) × σ(v,p)nd	, (1.7)

h(0) = h0, ḣ(0) = g0, ω(0) = ω0, (1.8)

v(x,0) = v0(x), x ∈ F(h0). (1.9)

In the above system the state variables are v(x, t) (the Eulerian velocity field of the fluid), h(t)

(the position of the center of the rigid ball), its time derivative g(t), and ω(t) (the angular velocity 
of the ball). The function p(x, t) is the pressure of the fluid, which is not a state variable, because 
at any time instant it can be computed from v at the same instant, up to an additive constant. We 
have denoted by n(x, t) the unit normal to ∂B(h(t)) at the point x ∈ ∂B(h(t)), directed to the 
interior of the ball, and by m and J the mass and the moment of inertia of the rigid ball. (If 
we would take ν = 0, then (1.1)–(1.2) would be called Euler’s equations, but then the other 
equations and the nature of the system would change.) We have denoted by σ(v, p) the tensor 
defined by

σij (v,p) = −pδij + ν

(
∂vi

∂xj

+ ∂vj

∂xi

)
(i, j ∈ {1,2,3}). (1.10)
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