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Abstract

In this paper, we study a coupled system of two nonlinear partial differential equations in the plane, which
is related to Liouville equations, non-abelian Higgs BPS vortex equations or two Higgs electroweak model,
with singularities at the origin. In addition to deriving the uniqueness of the so-called topological solutions,
we also clarify the structure of all types of solutions, including the blow-up ones, under various condi-
tions on coefficients and parameters appearing in the system. Furthermore, the sharp range of flux-pairs
associated with specific types of solutions is considered as well.
© 2015 Elsevier Inc. All rights reserved.
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1. Introduction

In this article, we study solutions of the following coupled system

Au = ae" + be® — yy + 47 N8
{” e whe =y A0 pe (1.1

Av =be" 4+ ce¥ — yr +4n Nado

where A = Ef: 182 / Bxiz, O is the origin point of R?, and § p 1is the Dirac measure at p for
pE R2;a, —b and ¢ are positive constants; N1 and N> are non-negative constants; y; and y» are
real numbers, and (a, b, ¢, y1, y2) satisfies

¢y —by> >0 and ay; — by, > 0. (1.2)

To our knowledge for this kind of systems, (1.1) without Dirac sources was studied for the
first time by Chanillo and Kiessling in [18] for y; = y» = 0. To cite other sources of (1.1), we
consider the Bennett system for 1-component plasma:

D
A¢+47r7qe_/5q(¢_‘”/’)=0, A +dx 2L z e P10 — ¢ (13)

for some specific parameters D, 8 and v, and

Z = Z[¢, w] = / eiqu[(p(X)*V'l//(X)]dX'

R2

In the high temperature or low density limit, a semi-conformal system of Bennett equations
like (1.3) is a reduced form of a nonlinear system of so-called finite-temperature Thomas—
Fermi equations, which describes the relativistic quantum mechanics of a stationary beam of
counter-streaming, negatively charged electrons and one species of positively charged ions in
the semi-classical limit. Bennett equations also constitute a Liouville-type system, which is gen-
erally associated with an asymmetric coefficient matrix with some negative entries and always
rank 2. See, e.g., [5,9,10] for details. We remark that if b2 # ac, then (1.3) is equivalent to (1.1)
with Ny =N, =y = y» =0.

Another motivation for studying coupled equations related to (1.1) arises from the non-abelian
Higgs BPS vortex equations (see, e.g., [1,12,15,19])

n
Aw+v)=0("+e’ —2)+4r Y 8, inR>,
o (1.4)
A —v)=n(e" —e’) +4m Y 5, inR2
s=1

where 0,7 > 0 and n € N. If we treat a specific solution (i, 0) of (1.4) with repeated points
p1=-+-= py = p, then & and U must satisfy

A=t 4 P00 g 4 drns, in R?,
Ab=T1ell 4 Hhed g in R,
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