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Abstract

We consider a planar autonomous real analytic differential system with a monodromic singular point p. 
We deal with the center problem for the singular point p. Our aim is to highlight some relations between 
the divergence of the system and the Poincaré–Liapunov constants of p when these are defined.
© 2015 Elsevier Inc. All rights reserved.
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1. Introduction and statement of the main results

Let O be the origin of coordinates of R2 and let UO be a neighborhood of O . We consider 
two real analytic functions P(x, y) and Q(x, y) in UO which vanish at O . In this work we deal 
with the analytic differential systems of the form

ẋ = P(x, y), ẏ = Q(x,y), (1)

where the dot denotes derivative with respect to an independent real variable t .
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When all the orbits of system (1) in a punctured neighborhood of the singular point O are 
periodic, we say that the origin is a center. If the orbits of system (1) in a punctured neighborhood 
of O are spiral to O when t → +∞ or t → −∞, then we say that the origin is a focus. In the 
first case (t → +∞), we say that it is stable and in the second case (t → −∞), we say that it 
is unstable. If the origin is either a focus or a center, we say that it is a monodromic singular 
point. The center problem consists in distinguishing when a monodromic singular point is either 
a center or a focus. In the sequel we assume that the origin of system (1) is monodromic.

As usual we define the divergence of system (1), and we denote it by div(x, y), as the function

div(x, y) = ∂P

∂x
(x, y) + ∂Q

∂y
(x, y).

System (1) is said to be Hamiltonian if div(x, y) ≡ 0. In such a case there exists a neighborhood 
of the origin UO and an analytic function H : UO ⊆ R

2 →R, called the Hamiltonian, such that

P(x, y) = −∂H

∂y
and Q(x,y) = ∂H

∂y
.

We note that the level curves of H are formed by orbits of system (1). A Hamiltonian system (1)
with a monodromic singular point at O necessarily has a center at the origin because an analytic 
function cannot contain a spiral as level curve (unless the analytic function be constant).

Our aim is to highlight some other results relating the divergence of system (1) with the 
solution of the center problem.

Given a real analytic function f : UO ⊆ R
2 → R, where UO is a neighborhood of the origin 

O = (0, 0), we consider its Taylor expansion at O:

f (x, y) = fd(x, y) +Od+1(x, y),

where d ≥ 0 is an integer and fd(x, y) is a non-zero homogeneous polynomial of degree d . 
We say that f is of sign definite if fd(x, y) ≥ 0 or fd(x, y) ≤ 0 for all (x, y) ∈ R

2. When 
fd(x, y) ≥ 0 (resp. fd(x, y) ≤ 0) for all (x, y) ∈ R

2 we say that f is positive definite (resp. 
negative definite). It is clear that a necessary condition for f (x, y) to be of sign definite is that d
is even.

Our first result is the following one.

Proposition 1. Assume that the origin of an analytic differential system (1) is a monodromic 
singular point. If the divergence div(x, y) of system (1) is of sign definite, then the origin of 
system (1) is a focus; either unstable if the divergence is positive definite or stable if it is negative 
definite.

This result is proved in Section 2. We remark that in the case that the origin of system (1) is 
a strong focus, then the divergence div(0, 0) 
= 0 and the stability of the focus is given by the 
sign of the number div(0, 0). The previous proposition is a generalization of this fact for any 
monodromic singular point. See for instance Theorem 2.15 of [6], or [8], for the definitions of 
these classical concepts.

Assume that the origin of system (1) is a monodromic singular point, but not a strong focus. It 
is well-known that, after a linear change of variables and a constant scaling of the time variable 
(if necessary), the system can be written in one of the following three forms:



Download English Version:

https://daneshyari.com/en/article/6417219

Download Persian Version:

https://daneshyari.com/article/6417219

Daneshyari.com

https://daneshyari.com/en/article/6417219
https://daneshyari.com/article/6417219
https://daneshyari.com

