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1. Introduction and main results

In the 80s decade, Brezis and Nirenberg investigated, in the celebrated paper [6], the existence of
a nontrivial solution u for the critical problem

{—Au=|u|%u+xu in £2, 1)
u=0 onods2

on a bounded domain with smooth boundary £2 C R", n > 3, where X is a real parameter. Since then
a lot of attention has been devoted to various questions and extensions related to (1). We refer for
instance to Chapter 3 of the Struwe’s book [25] and references therein for an overview on the so
called Brezis-Nirenberg problem.
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A possible extension has been addressed to the quasilinear problem

{—Apu:|u|p*2u+)»|u|p2u in 2, 2)

u=~0 onds2

where Apu = div(|Vu|P~2Vu) stands for the p-Laplace operator, 1 < p <n and p* =np/(n — p) de-
notes the critical Sobolev exponent for the embedding of W(;’p(.Q) into L9(£2). As is well known, the
existence of a positive solution u for (2) relies strongly on the value of the parameter A compared
with the first eigenvalue A corresponding to the p-Laplace operator on §2 under Dirichlet boundary
condition. In particular, let us recall that when p = 2, according to the main result of [6], problem
(1) admits a positive solution u if, and only if, A € ]0, A1[, provided that n > 4. The result has been
extended by Egnell [14], Garcia Azorero and Peral Alonso [15] and Guedda and Veron [19], who have
proved that problem (2) admits a positive solution u if, and only if, A € ]0, A1[, provided that p > 1
and n > p2. When A € ]0, A1[, such a solution u can for instance be obtained as a least energy solution
through the minimization of the functional

¢(u):/|Vu|pdx+A/|u|pdx
2 2

constrained to the Nehari manifold {u e Wé‘p(Q): f_Q [ulP”* dx = 1} and the fact that |u| also min-

imizes ¢. Moreover, it is well known that, if §2 is star-shaped, then problem (2) has no nontrivial

solution u for any A < 0, see [6,14,19]. However, when A > A1, some results on existence of a non-

trivial solution u have been established in the literature, see [7,16] for p =2 and [2] and the recent

work [13] for p #2.

Another possible extension concerns the semilinear system
{—AU=f(u)+g(U) in 2, 3)
u=0 onag2

where u = (uy,...,u), Au=(Auy,...,Auy), k>1, f(u) = £VF@u) and gu) = $VG(u), where
F,G:RK - R are C! functions with F positively homogeneous of degree 2* and G homogeneous of
degree 2. We recall that a function H : R¥ — R is homogeneous of degree g when H(pt) = p9H(t) for
any p > 0 and t € R¥. Problem (1) corresponds exactly to the choice k=1, F(t) =|t|?" and G(t) = At2.
More generally, problems (2) and (3) can be simultaneously recovered from the quasilinear system

{—Apuzf(u)—i—g(u) in 2, @)
u=0 onads2

where u = (u1,...,ug), Apu = (Apuy, ..., Apuy), f(u) = pl—*VF(u) and g(u) = %VG(u), where
F,G:R¥ - R are C! functions with F positively homogeneous of degree p* and G homogeneous
of degree p. Such systems are known in the literature as potential systems (or gradient systems) and
F and G are called potential functions. When k = 1, problem (4) takes the form (2), since F and G be-
come F(t) = |t[P" and G(t) = AJt|P, modulo constant factors. For k > 2, there are many homogeneous
potential functions. Some typical examples are:

() FO =1t5", F@©) = (m@)?"/;
(i) G(t) = Itl]., G(©) = m®)P/, G(t) = (At )| P=D/2 (At 1),

where |t]g = Q14 [t19)1/9 is the Euclidean g-norm with g > 1, 7; is the Ith elementary symmet-
ric polynomial, I =1,...,k, {-,-) denotes the usual Euclidean inner product and A = (a;j) is a real
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