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Positive increasing radial solutions where essentially «, 8 are assumed to be radially nondecreasing weights and f,

Bifurcation g are nondecreasing in each component. We show the existence of at least one
nondecreasing nontrivial radial solutions. Our result is sharp and is a complement
for one of the main results in Bonheure et al. (2013) [2]. The proof of our main
result is based upon bifurcation techniques.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

Let Bg be the ball of radius R in RY, with N > 2. We consider the Neumann problem

—Au+u = af|z]) f(u,v) in Bpg,
—Av +v = B(|z|)g(u,v) in Bp, (1.1)
Ou=0,v=0 on 0Bg,

where «, $ and f, g satisfy the assumptions

(A) «,B € L(0, R) are nonnegative, nondecreasing and not identically zero;
(H1) f,g € C(RT x RT) are nonnegative and nondecreasing in each variable.
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Existence of positive radial solutions of elliptic equations imposing Neumann conditions has been widely
considered in the literature. For example, see [1,2,8] and the references therein. It is worth remarking that
the key point in [8] consists in the observation that restricting the set of trial functions to nonnegative and
nondecreasing radial functions in H*(Bpr) which gives rise to boundedness and compactness properties even
for supercritically growing nonlinearities. This idea is exploited in a topological arguments in [1] and further
developed for elliptic system (1.1) in [2]. Bonheure et al. proved the following:

Theorem A. (See [2, Theorem 1.1].) Under assumptions (A), (H1) and
fs,t) +9(s,t)
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problem (1.1) admits at least one nontrivial solution (u,v) with u and v both nonnegative and nondecreasing.

Bonheure et al. used an approach based on topological fixed point theory and invariance properties of
the cone of nonnegative, nondecreasing radial functions in H*(Bg). However, they give no information on
the global structure of positive radial solutions of (1.1), and they do not deal with the case

lim f(s,t) +g(s,t) >0, lim f(s,t) +g(s,t) < 0o

(1.2)
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It is the purpose of the present paper is to study the global structure of positive radial solutions of (1.1)
under (1.2) and give a complement of the results of Theorem A to a new class of functions f and g by means
of a new approach based on global bifurcation theorem of Dancer [4]. We shall provide sharp conditions
which guarantee the existence of nonnegative, nondecreasing radial solution of (1.1), see Theorem 3.1 below.
The paper is organized as follows. In Section 2 we introduce some functional setting and preliminary re-
sults. Finally in Section 3 we state and prove our main results on the existence of nonnegative, nondecreasing
radial solutions in H'(Bg) by applying the well-known global bifurcation theorem due to Dancer [4].

2. Functional setting and preliminary properties

Suppose that E is a real Banach space with norm || - ||. If B is a continuous linear operator on F, define
r(B) to be the spectral radius of the natural extension of B to the complexification of E. Finally, let E*
denote the dual of E.

Let K be a cone in E. Then K is closed. If z,y € E, x > y means that x —y € K. Define

Ex ={x—y:2,yc K}, K,={zrecK:|lz|l <p}

Ex and Ex are subspaces of E.

A linear operator B on Ff is said to be positive if B(K) c K. If B! and B2 are both linear operators
on Ex, BN > B[P means that BIY — B is positive. A linear operator B on Ex is said to be K-continuous
if the mapping B|x is continuous. In this case, an elementary argument shows that sup{||Bz|| : z € K;}
is finite. Let ||B||x denote this supremum. A linear operator B on Fk is defined to be K-completely
continuous if B(I_( 1) is precompact and B is K -continuous. Finally, if B is a K-continuous positive linear
operator on Fx, define

ric(B) = lim (||B[|)"/". (2.1)

Bonsall [3, Chapter 5] proves that this limit exists. Note that rx(B) < ||B||x < oo. If B extends to a
continuous linear operator on E, ri(B) < r(B).
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