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The main purpose of this paper is twofold. First, the three-quarter theorem is estab-
lished for a large class of polyharmonic mappings. Second, a class of polyharmonic 
mappings with positive Jacobian and being univalent in the unit disk D are con-
structed.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

A 2p-continuously differentiable complex-valued function F = u + iv in a domain D ⊂ C is polyharmonic 
(or p-harmonic) if F satisfies the p-harmonic equation

ΔpF := Δ
(
Δp−1)F = 0.

When p = 1 (resp. p = 2), F is harmonic (resp. biharmonic). In particular, a harmonic mapping in a 
simply connected domain D of C can be expressed in the form f = g + h, where h and g are analytic in D. 
See [6,8,9] for more properties of harmonic mappings.

In the following, we always assume that the domain D ⊂ C is the unit disk D = {z ∈ C : |z| < 1}. That 
is, throughout this paper, we consider polyharmonic mappings on D.

The subsequent proposition provides a characterization of polyharmonic mappings which is essential to 
our analysis (cf. [5]).
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Proposition 1.1. If F is a polyharmonic mapping in D then it has the representation:

F = F (z, z) =
p−1∑
n=0

r2nFn,

where Fn’s are complex-valued harmonic mappings in D and r2n = |z|2n = (zz)n.

In particular, if F is a biharmonic mapping then it has the representation

F = r2G + H = |z|2G + H,

where G and H are complex-valued harmonic mappings in D.
A set E ⊂ C is starlike with respect to a point w0 ∈ E if and only if the linear segment joining w0 to 

every other point w ∈ E lies entirely in E, while a set E is said to be convex if and only if it is starlike 
with respect to each of its points, that is, if and only if the linear segment joining any two points of E lies 
entirely in E.

A univalent polyharmonic mapping F , with F (0) = 0, is said to be starlike in D if the domain bounded 
by the curve F (reit) is starlike with respect to the origin for each 0 < r < 1. In other words, F is starlike 
in D if

∂ argF (reit)
∂t

= Re
(
zFz − zFz

F

)
> 0

for all z �= 0 and r ∈ (0, 1).
A univalent polyharmonic mapping F , with F (0) = 0 and ∂F (reit)

∂t �= 0 for 0 < r < 1, is said to be convex
if the domain bounded by the curve F (reit) is convex for each 0 < r < 1. Putting it differently, F is convex if

∂ arg ∂
∂tF (reit)
∂t

> 0

for all z �= 0 and r ∈ (0, 1).
It is known that a harmonic mapping F is locally univalent if the Jacobian of F , denoted by JF ,

JF = |Fz|2 − |Fz|2 �= 0,

and F is orientation preserving if

JF = |Fz|2 − |Fz|2 > 0.

Let S, see [8], denote the class of all conformal univalent functions on D of the form

G(z) = z +
∞∑
k=2

akz
k.

In this paper, we mainly consider the following class of polyharmonic mappings together with its two 
subclasses, where p ≥ 2, which are as follows:

PH =
{
F : F =

p−1∑
n=0

λnr
2n G, where G is harmonic, all λi’s are real constants,

λ2
1 + λ2

2 + . . . + λ2
p−1 �= 0 and r = |z|

}
;
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