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1. Introduction

We present a new approach to the subnormal completion problem for weighted shift operators in
d-variables. The approach is based on a solution to the truncated K-moment problem on R? which orig-
inated in [18]. Given a Hilbert space H, with inner product (-,-), we denote the space of bounded linear
operators on H by L£(H). An operator A € L(H) is called normal and hyponormal if A*A — AA* = 0 and
A*A — AA* = 0, respectively. We call A € L(H) subnormal if there exists a normal operator B € L(K) so
that H C K and A& = B¢ for £ € H. The Bram-Halmos criterion [3] states that A € £(#) is subnormal if
and only if

n

S (g, AR > 0 (1.1)

4,k=0
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for all finite subsets {&o,...,&} C H. If A, B € L(H), then [A,B] ¥ AB — BA. We call an £(H)-valued

d-tuple of operators T = (T1,...,Ty) jointly hyponormal if

[Tl*a Tl] e [T1*7 Td]
S : = 0. (1.2)

[T;a Tl] T [T;, Td]

We call an L(H)-valued d-tuple T' = (11, ..., Tq) normal if [T}, Ty;] = 0 and T is normal for all j,k =1,...,d.
We call an L(H)-valued T = (T1,...,Ty) subnormal if there exists a Hilbert space K and an L£(K)-valued
normal d-tuple U = (Uy,...,Uy), where H C K, so that U;§ =T forall j =1,...,dand £ € H. It is
readily seen that the following implications hold:

T is normal = T is subnormal = T is hyponormal.

For more information on subnormal operators see [3] and [4]. See [1] and [5] for more information on joint
hyponormality. For a multivariable generalization of the Bram—Halmos criterion see [12].

Let N¢ denote the set of all d-tuples of nonnegative integers and 0; = (0,...,0) € Nd. If m =
(m1,...,mq) € N&, then |m| = 25:1 mj. A finite set I € N¢ will be called a lattice set if every ele-
ment of I' is path connected to 04. For instance, {(0,0), (0,1),(1,1)} is a lattice set, while {(0,0),(1,1)} is
not. Let £, (N&) denote the space of all bounded multisequences {am}meng and £ (Ng) be the Hilbert space
of all multisequences {am },,eng so that 32,y lam|? < oo with the usual inner product. Let {em}meng
denote the canonical orthonormal basis of ¢3(N&) and e; = (0,...,0,1,0,...,0) € NZ, where 1 is in the jth
position.

If al) = {a%)}meNg € ((Ng) for j = 1,...,d, then we define the d-variable weighted shift 7 =
(Tl, e ,Td) by

Tiem o a%)emﬂj for j=1,...,d (1.3)

It is easy to check that T;7T}, = T},T; if and only if

k ; j .
ozgnl_ejoz%) = agfliekagf) for j,k=1,...,d. (1.4)
Given m € N¢, the moment of Cop = (@D, ... a(®) of order m is given by
1 if m=0g,
S = { G . d (1.5)
(amfcj) Sm—e; if m=(my,...,mq) where m; #0.

It follows from (1.4) that s,, can be computed via any nondecreasing path from 04 to m.

Problem 1.1 (Subnormal completion problem in d-variables). Given a finite collection of positive real numbers

C= {(agl), e ,Oé(yd))}wer

which satisfies (1.4), where T is a lattice set (i.e., a finite subset of d-tuples of nonnegative integers which
are path connected to the origin), the subnormal completion problem in d-variables entails finding necessary
and sufficient conditions for the existence of a subnormal d-variable weighted shift whose initial weights are
given by C. More precisely, given C as above, we wish to establish the existence of a d-variable weighted
shift T = (T4, ...,Ty) so that
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