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In this paper, we present an analytical study, in the one space dimensional case, 
of the fluid dynamics system proposed in [3] to model the formation of biofilms. 
After showing the hyperbolicity of the system, we show that, in an open neighbor-
hood of the physical parameters, the system is totally dissipative near its unique 
non-vanishing equilibrium point. Using this property, we are able to prove existence 
and uniqueness of global smooth solutions to the Cauchy problem on the whole line 
for small perturbations of this equilibrium point and the solutions are shown to 
converge exponentially in time at the equilibrium state.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

A biofilm is a complex gel-like aggregation of micro-organisms like bacteria, algae, protozoa and fungi. 
They stick together, attach to a surface and embed themselves in a self-produced extracellular matrix of 
polymeric substances, called EPS.

In this paper, we study a fluid dynamics model, introduced in [3], to describe the space–time growth of 
biofilms. This model was built in the framework of mixture theory, see [10] or [1], and conserves the finite 
speed of propagation of the fronts. For simplicity reasons, the model describes a biofilm in which there is 
just one species of micro-organisms, or better, all species are lumped together, but it can be extended to 
other situations. It has been derived starting from the equations for mass and momentum conservation, 
and some physical constraints and assumptions about the behavior of the biological aggregates and their 
interaction with the surrounding liquid. Here we assume that the complex structure of biofilms is described 
by four different phases: bacteria B(x, t), extracellular matrix EPS E(x, t), dead cells D(x, t) and a liquid 
phase L(x, t). The quantities B, E, D, L are the volume fraction of each component, then B, E, D, L ∈ [0, 1]. 
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Since we are dealing with a one dimensional model, then we have x ∈ R, t > 0. Therefore, in this paper we 
consider the whole x-axis. Clearly, the problem with a finite x-domain, i.e. the interval [a, b], with a, b ∈ R, 
a < b, is another interesting problem, but, in this case, our proof of global existence does not work and so 
this problem will be considered in a future work.

For simplicity reasons, we assume that B, E, D have the same transport velocity vS. The reaction terms 
are indicated by ΓΦ, with Φ = B, E, D, L. Imposing the total balance of mass and momentum for each 
phase Φ, we can write the model, see [3] for all details. This model was originally proposed in all space 
dimensions, and in the present case of one space dimension, is given by a system of six partial differential 
equations, which read:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂tB + ∂x(BvS) = ΓB ,

∂tE + ∂x(EvS) = ΓE ,

∂tD + ∂x(DvS) = ΓD,

∂tL + ∂x(LvL) = ΓL,

∂t((1 − L)vS) + ∂x((1 − L)v2
S) = −(1 − L)∂xP − γ∂x(1 − L)

+ (M − ΓL)vL −MvS ;

∂t(LvL) + ∂x(Lv2
L) = −L∂xP − (M − ΓL)vL −MvS .

(1.1)

To reformulate our model in a more suitable form, we assume the following volume constraint:

L = 1 − (B + E + D), (1.2)

that is the assumption that the mixture is saturated and no empty space is left. In addition to the balance 
mass of each component, we also have the total conservation of the mass of the mixture by the following 
assumption:

ΓB + ΓE + ΓD + ΓL = 0. (1.3)

The mass constraint in (1.3) states that the mixture is closed, i.e. there is no net production of mass for 
the mixture. According to [3], the reaction terms are given by:

ΓB = KBBL−KDB; (1.4)

ΓD = αKDB −KND; (1.5)

ΓE = KEBL− εE. (1.6)

The birth of new cells at a point depends on the quantity of liquid available in the neighborhood of the 
point, that is why the birth term in ΓB is a product between the volume fraction B of active cells and the 
volume fraction L of liquid. In this way, the mass production term ΓB is the difference between a birth term 
and a death term, where the second is proportional to the fraction B of bacteria, with rate kD. The death 
term in the expression of ΓB gives rise to a creation term of the mass exchange rate for dead cells ΓD, with 
a proportional coefficient α, since a part of the active cells goes into liquid when the cell dies. In ΓD, we 
also find a natural decay of dead cells with a constant decay rate kN . The EPS is produced by active cells 
in presence of liquid and therefore the production term will be proportional to BL, where kE is the growth 
rate of EPS. There is also a natural decay of EPS with rate ε. To conclude this explanation about the mass 
exchange terms, we choose ΓL in order to enforce condition (1.3). See again [3] for more details.
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