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were introduced separately by Bui, Conrey, and Young, and by Feng. In this article
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we introduce a mollifier which is a combination of four Dirichlet polynomials of
different shapes. We provide an asymptotic result for the twisted second moment of
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Riemann zeta-function ¢(s) for such choice of mollifier. A small increment on the percentage of zeros of the
Twisted second moment Riemann zeta-function on the critical line is given as an application of our results.
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Zeros on the critical line

1. Introduction

In [1], Balasubramanian, Conrey and Heath-Brown computed the twisted second moment of the Riemann
zeta-function
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where v is a Dirichlet polynomial of the type

e(s)= > aln) (1.2)

and a(n) <. n. The length 7% of the polynomial is sensitive to the nature of the coefficients a(n). They
also obtained an explicit main term in their theorem for a particular choice of ¥ (s).
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In [5], in order to obtain a higher percentage of zeros of the Riemann zeta-function on the critical line,
Conrey needed to establish such type of second moment. In his result he made an ingenious choice of a(n)
which allowed him to push the value of 6 from 1/2 (see [10]) to 4/7. The possibility of obtaining a mollifier
by combining two Dirichlet polynomials of different shape had been considered by Lou [11]. In [2], Bui,
Conrey, and Young extended (1.1) with an explicit main term for a more sophisticated choice of a(n). They
considered ¥(s) as a convex combination of two Dirichlet polynomials of different shape. Introducing such
two-piece mollifier increases the complexity and technicality of the computation of the main term. Another
such two-piece mollifier was introduced by Feng [9] and the main term was computed explicitly.

Crucial ingredients to obtaining the error term in [9] were Lemmas 1 and 2. To reach 6, < 4/7 —¢ in [5],
it was required that a(n) = u(n)F(n), for a smooth function F. In [9], the coefficient a(n) in the mollifier
was not of the form u(n)F(n), for some smooth function F, and it is not clear how the techniques of [5]
can be directly applied to the proofs of Lemmas 1 and 2 of [9].

Independently of each other, in [2] and [9], the possibility of obtaining a (s) by combining these three
Dirichlet polynomials of different shape was mentioned. One can obtain the main term of (1.1) for such
choice of ¥(s) by going over some subtle technicalities in the calculations.

In the present paper we introduce a new mollifier ¢(s) which is a convex combination of four Dirichlet
polynomials of different shape. Let
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where P’s are polynomials. Recall that p(n) denotes the Mobius function, also ps(n) and pg(n) will denote
the coefficients in the Dirichlet series of 1/¢2(s) and 1/¢3(s), respectively, for Re(s) > 1. Also, let dy(n)
denote the number of ways an integer n can be written as a product of £ > 2 fixed factors. Note that
dy(n) =1 and that da(n) = d(n) is the number of divisors of n. With this in mind, we define

P(s) = P1(s) + ¥2(s) + ¥3(s) + Ya(s), (1.4)
where
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introduced in the present paper, and
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