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When 7 *K(r) — ¢ > 0 as r — oo and r — 0, regular radial solutions at oo
and singular radial solutions at O exhibit self-similarity at co and 0, respectively.

éieliﬁll}io:::r' elliptic equation Singular solutions with the asymptotic self-similarity exist uniquely in the radial
Exponential nonlinearity class. Moreover, for n > 10 + 4/, separation of any two radial solutions with the
Entire solution asymptotic self-similarity may happen, while intersection of two solutions may occur
Singular solution for 2 < n < 10 + 4¢. In particular, for n > 10 4+ 4¢ with £ > —2, if K (# 0) satisfies
Asymptotic self-similarity that r2K(r) = 0asr — 0 and 0 < k(r) = r—*K(r) < 4?2—122)111%<5§T k(s) for

Dirichlet problem r > 0, then any two radial solutions do not intersect each other and each radial

solution is linearly stable. When n > 10 4 44, we apply the global results to prove
the uniqueness of positive radial solutions for the Dirichlet problem with zero data
on a ball.
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1. Introduction

In this paper, we study the elliptic equation
Au+ K(|z|)e" =0, (1.1)

where n > 2, A = Y"1 | 68% is the Laplace operator, and K is a continuous function in R™\{0}. When
n = 2, the equation is related to Gaussian curvature equation in conformal geometry. The equation with
dimension 3 appears in solid fuel ignition model and the Vlasov—Poisson-Boltzmann system [4]. Moreover,

in dimension higher than 2, the equation is compared with the supercritical Lane-Emden equation

Au+ K(Jz|)u? =0 (1.2)
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with p bigger than the critical exponent 2252 where K in (1.1) and (1.2) behaves like |z|* for some £ > —2.
Each equation contains the scale invariance due to nonlinearity, which leads to the asymptotic self-similarity
of solutions. Recent work in [2] investigated the role of the asymptotic self-similarity of radial solutions for
(1.2). The purpose of the paper is to highlight the same perspective in dealing with (1.1) and (1.2), and to
characterize the regular solutions and singular solutions of (1.1) in terms of the asymptotic behavior. Radial
solutions of (1.1) satisfy the equation

n—1

Upp + ur + K(r)e* =0 (1.3)

where r = |z|. Under the following condition:

K(r) is continuous on (0, c0),
(K) K(r) > 0and K(r) £ 0 on (0,00),
JorK(r)dr < oo,

(1.3) with 4(0) = @ € R has a unique solution u € C?(0,¢) N C[0,¢) for small € > 0. By u,(r) we denote
the unique local solution with u,(0) = «. A typical example is the equation

Uy + uy 4 erfe® =0, (1.4)

where ¢ > 0 and £ > —2. We denote the solution by u, with 4 (0) = a. The scale invariance of (1.4) is
explained by

e T

Ua(r) = a+ ug(e?r), (1.5)

and the invariant singular solution is given by

Ue(r) := — (24 £)logr +1og(2 + £)(n — 2) — logc.

We call this behavior self-similarity. In fact, for every «, @ (r) = U.(r) + o(1) at co. For more general
equation (1.3), we look for entire solutions u,, satisfying

lim influq (r) + (2 4+ £) log r] > —o0. (1.6)

T—00

The first objective of the paper is to verify the existence of entire solutions with the asymptotic self-similarity.

Theorem 1.1. Let n > 2 and £ > —2. Assume that K satisfies (K) and r—*K(r) is non-increasing in (0, 00).
For every a € R, (1.3) has an entire solution u, with (1.6).

When r~“K (r) converges to a positive constant at oo, u,(r) is asymptotically self-similar.

Theorem 1.2. Let n > 2 and £ > —2. Assume that K satisfies (K) and r—*K(r) — ¢ as r — oo for some
¢ > 0. Then, every solution u of (1.3) near co satisfies

lim [u(r) — log @+0n=2)

r—>00 cr2+t

]=0. (1.7)

The asymptotic behavior for ¢ = —2 is described by —loglogr.
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