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Consider a multimodal interval map f of C3 with non-flat critical points. We 
establish several characterizations of the map f that is quasi-symmetrically 
conjugate to a piecewise affine map in the case f is topologically exact and all 
of its periodic points are hyperbolic repelling. In particular, we give a negative 
answer to a question posed by Henk Bruin in [1].
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1. Introduction

Multimodal interval maps are often topologically conjugate to piecewise linear maps. So in a topological 
sense, such a multimodal map is the same as a piecewise linear map. In a metric sense, however, the difference 
is clear. Some metric similarities still occur, when the conjugacy satisfies certain constraints.

Let I be a compact interval of R. A homeomorphism h : I → I on the interval is quasi-symmetric if there 
exists constant K ≥ 1 such that for all x ∈ I and all ε > 0 with x ± ε in I we have

1
K

≤ |h(x + ε) − h(x)|
|h(x) − h(x + ε)| ≤ K.

The notion of quasi-symmetry gained importance since Sullivan [19] proved the following rigidity result: Let 
fa(x) = 1 − ax2, if fa and fb are quasi-symmetrically conjugate and do not have a periodic attractor, then 
a = b.
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In this paper, we give several characterizations of a multimodal interval map that is quasi-symmetrically 
conjugate to a piecewise affine map. To state our main results, let us be more precise. Let I be a compact 
interval of R. A non-injective continuous map f : I → I is multimodal, if there is a finite partition of I into 
intervals on each of which f is injective. A multimodal map f : I → I is topologically exact, if for every open 
subset U of I there is an integer n ≥ 1 such that fn(U) = I. A turning point of a multimodal map f : I → I

is a point in I at which f is not locally injective. For a differentiable multimodal map f : I → I, a point 
of I is critical of f if the derivative of f vanishes at it. In what follows, denote by Crit(f) the set of critical 
points of f , denote by Crit′(f) the turning points of f , and put CV(f) := f(Crit(f)). A C1 multimodal 
map f : I → I is of class C3 with non-flat critical points, if:

• The map f is of class C3 outside Crit(f);
• For each critical point c of f there exist a number �c > 1 and diffeomorphisms φ and ψ of R of class C3, 

such that φ(c) = ψ(f(c)) = 0, and such that on a neighborhood of c on I, we have |ψ ◦ f | = |φ|�c .

Recall that for an integer n ≥ 1, a periodic point p of f of period n is hyperbolic repelling if |Dfn(p)| > 1, 
and that a critical point c ∈ Crit(f) is called recurrent if c ∈ ω(c), where ω(c) denote the ω-limit set of c
that is the set of accumulation points of the forward orbit {fn(c)}+∞

n=0 of c.
The topological entropy htop(f) of f is equal to the supremum of the metric entropies hμ(f) taken over all 

f -invariant Borel probability measures μ, see for example [20]. An f -invariant Borel probability measure μ
such that hμ(f) = htop(f) is called a maximal entropy measure. It is well-known that a multimodal interval 
map f : I → I that is topologically exact has a unique maximal entropy measure μf , see for example [4]. 
Moreover, μf is non-atomic.

For a point x in I, r > 0, an integer m ≥ 1, and each j in {0, 1, · · · , m − 1}, let Wj be the pull-back 
of B(fm(x), r) ∩ I by fm−j containing f j(x). The criticality of fm at x with respect to r is defined as the 
following number

#
{
j ∈ {0, 1, · · · ,m− 1} : Wj ∩ Crit′(f) �= ∅

}
.

Moreover, the map f is said to be semi-hyperbolic, if there exist constants r > 0 and D ≥ 1 such that for 
every x in I and each integer n ≥ 1 the criticality of fn at x with respect to r is at most D.

Definition 1. A Borel measure μ on a metric space (X, dist) is said to be doubling, if there are constants 
C∗ > 0 and r∗ > 0 such that for each x in X and r in (0, r∗) we have

μ
(
B(x, 2r)

)
≤ C∗μ

(
B(x, r)

)
.

See for example [3] for background on doubling measures.

The main result of this paper is the following theorem.

Theorem 1. Let f : I → I be a multimodal map of class C3 with non-flat critical points and with all periodic 
points hyperbolic repelling. If f is topologically exact, then the following statements are equivalent.

(1). f is semi-hyperbolic;
(2). f has no recurrent critical points;
(3). The maximal entropy measure of f is doubling;
(4). f is quasi-symmetrically conjugate to a piecewise affine function with slope equal to ± exp(htop(f)).
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