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In this paper, the Ginzburg–Landau and fractional Ginzburg–Landau equations
with external noise and stochastic perturbations are studied, and we obtain the
global existence and uniqueness of weak L1-solutions. Our proof is supported by the
generalized Itô formula and a careful analysis of the nonlinear transport equation.
After founding the well-posedness for the nonlinear transport problem in the class
of Lp (1 < p ≤ ∞), we also gain the well-posedness of the Ginzburg–Landau and
fractional Ginzburg–Landau equations in the same spaces, correspondingly.

© 2014 Elsevier Inc. All rights reserved.

1. Introduction

As a basic model of nonlinear phenomena, the Ginzburg–Landau (GL) equation is used in various areas
of physics and chemistry to describe, for example, open flow motions, equilibria, traveling waves in binary
fluid mixtures and spatially extended nonequilibrium systems. Besides, in [9], it is also used as a model
equation, simpler than the Navier–Stokes equation, to study turbulence phenomena.

However, in the derivation of these ideal models, some perturbations may be neglected, such as molecular
collisions in gases and liquids. For this reason, it is necessary to add a reasonable amount of noise to this
equation. Considering the noise, it is interesting to study the stochastic Ginzburg–Landau (SGL) equation
with a potential term as given below:

∂

∂t
u(t, x) −

(
1
2 + iλ

)
Δu(t, x) + (γ + iη)|u|2σu(t, x) + cu(t, x) + g(t, x, u,∇u)Ẇt = f(t, x), (1.1)
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in (0, T )×O, for simplicity, where λ, γ, η, σ and c are given real numbers, c > 0 is the instability parameter
and λ the dispersive parameter, and O is an open domain of Rd with sufficiently regular boundary.

Note that a Stratonovich product is meaningful in (1.1) only for spatially corrected noise. Here, we wish
to study uncorrelated noise so that the product in (1.1) is understood in the sense of Itô. To formulate the
initial-boundary value problem, we assign initial and boundary conditions

u(0, x) = u0(x), (1.2)

u|∂O = h(t, x), (1.3)

where u0 is a function from O to R and h is a function from (0, T ) × ∂O to R.
A rigorous way to comprehend (1.1), (1.2), (1.3) is to establish the existence and uniqueness result for

solutions in proper spaces. It should be noted that, as a parabolic type stochastic partial differential equation,
most existing studies focus on O bounded, which is essential in general to use the Galerkin method or the
fixed point method. For example, in [13], Smith considered (1.1), (1.2), (1.3) for g(t, x, u,∇u) = g(t, x), W
a cylinder Wiener process and O an open bounded domain; by the standard energy method, he derived the
existence of solutions in an L2 setting.

When g is u-dependent, depending solely on u, in [14], Smith discussed (1.1), (1.2) with O = R and
g = g(u) belonging to Lipschitz function space; under the periodic assumption on (1.2), he proved the
well-posedness of solutions in ET = C([0, T ];L2k(I))∩Lp0((0, T )× I), where p0 = 2σ+2k, k ≥ 1, I = [0, 1].
Similarly, in [12], Odasso studied (1.1), (1.2), (1.3) with h = 0 and obtained the existence of weak solutions
in L2([0, 1]d) under certain hypotheses on g, including L∞-bounds and globally Lipschitz. For more details
on this topic, one can consult [13,14,12] and related references cited therein.

It is remarked that, without the stochastic perturbations, (1.1) has been studied by many researchers,
see e.g. [5,11] and the references therein. Most of the papers mentioned here concentrate their attention on
the dynamic behavior of the GL equation in the L2(O) setting (O bounded) without external noise, such
as the global existence of solutions [5] and the stability of radial solutions [11].

Using a different philosophy, in [3], Deissler discussed the GL equation

∂

∂t
u−
(

1
2 + iλ

)
∂2u

∂X2 + (γ + iη)|u|2u + cu = 0, (1.4)

in the presence of low-level external noise in R, where X = x − vt (x ∈ R) is a coordinate in the frame of
reference moving at the group velocity v. Transforming (1.4) to the stationary frame gives

∂

∂t
ū−
(

1
2 + iλ

)
∂2ū

∂x2 + (γ + iη)|ū|2ū + v
∂ū

∂x
+ cū = 0, (1.5)

where ū is the transformed variable. Then he studied the numerical solutions of (1.5) and compared the
three types of dynamic behavior of (1.4) and (1.5) when (1.5) has a nonzero group velocity (such as plane
Poiseuille flow [15]) on the background of L1(R).

Being directly inspired by [3], as a primary purpose of the present paper, we plan to study the dynamic
behavior of the GL equation in a general unbounded domain in R

d (including R
d) with external noise and

stochastic perturbations. First, we establish the fundamental existence and uniqueness result on solutions,
and then we discuss the asymptotic behaviors of solutions as t tends to infinity. For more about this topic,
the reader is referred to [12,16,17] and the references cited therein.

In this paper, letting O = R
d, we wish to found the existence and uniqueness of solutions globally in the

setting of L1 for any u0 ∈ L1. To achieve this goal, we confine our discussion to

g(t, x, u,∇u) = ∇u, λ = η = 0 (1.6)
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