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1. Introduction and statement of results

The infinite-dimensional linking theorems in critical point theory are powerful tools for studying the ex-
istence of critical points of strongly indefinite functionals. These functionals arise for example in the study
of standing wave solutions of periodic Schréodinger equations, homoclinic orbits of Hamiltonian systems,
entire solutions of elliptic systems in whole spaces and standing wave solutions of Dirac equations, see for
instance [1-8,10,11,14-24]. The first such theorem was established by Kryszewski and Szulkin in [7] (see also
[20, Chapter 6]) and was used to obtain nontrivial solutions for superlinear periodic Schrédinger equations.
And in [10] and [11], the authors used this theorem to obtained nontrivial solutions for periodic Schrédinger
equations with more general nonlinearities. This theorem was also used by Szulkin and Zou [16] to obtain ho-
moclinic orbits for asymptotically linear Hamiltonian system. Several infinite-dimensional linking theorems
different from but related to Kryszewski and Szulkin’s were also found in the past ten years. We mention
the book of Zou and Schechter [24] and the book of Ding [5|, where these theorems were established and
were applied to study various strongly indefinite problems.

To state the theorem of Kryszewski and Szulkin, we need some notations.

Let X be a separable Hilbert space with inner product (-,-) and norm || - ||. X* are closed subspaces of
X and X = X+ @ X~ Let {e} } be the total orthonormal sequence in X . Let
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Q: X —XT, P:X— X" (1.1)

be the orthogonal projections. We define

MMH—IMM{HQMLEZQilKPU£;H} (1.2)

k=1

on X. Then
[Qull < llull < flull, YueX.

And if ||u,|| is bounded, then ||u, — ul|] — 0 < w, — w in X (see Remark 6.1 of [20]). The topology
generated by ||| - ||| is denoted by 7, and all topological notations related to it will include this symbol.
Let R>r > 0and ugp € X1 with ||Jug| = 1. Set

N={ueX"||ul=r}, M={u+tu |ue X, t>0, |u+tul <R} (1.3)
Then, M is a submanifold of X~ @ R*ug with boundary
OM={ue X ||ul <R}U{u+tu|ue X, t>0, |u+tuol = R}. (1.4)

In the celebrate paper [7], Kryszewski and Szulkin proved the following theorem (see also [20, Theo-
rem 6.10]):

Theorem 1.1. (See [7].) If H € CY(X,R) satisfies:

(a) H is T-upper semi-continuous, i.e., for any a € R, Hy, := {u € X | H(u) > a} is a T-closed set.
(b) H' is weakly sequentially continuous, i.e., if u € X and {u,} C X are such that u, — u, then, for any
X, (H (un), ) = (H'(u), ). And

sup H < +o0.
M

(¢) There exist ug € X with ||ugl| =1, and R > r > 0 such that

inf H > sup H.
N oM

Then there exist ¢ € [infy H,sup,, H| and a (PS). sequence {u,} C X for H, i.e., {un} satisfies
H(uy) = ¢, H'(uy) — 0. (1.5)

Under the assumptions of this theorem, the dimension of X~ can be infinite. Therefore, it is a gener-
alization of the classical finite-dimensional linking theorem (see, for example, [20, Theorem 2.12]). And it
has been extensively applied to study various variational problems with strongly indefinite structures, i.e.,
functionals of the form

H(u) = 3 (L) — (w) (1.6)

defined on a Hilbert space X, where L : X — X is a self-adjoint operator with negative and positive
eigenspaces both infinite-dimensional. The study of such functionals is motivated by a number of problems
from mathematical physics, see for instance [1-8,10,11,14-24].
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