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This paper is concerned with the three-dimensional non-autonomous Navier–Stokes 
equation with nonlinear damping in 3D bounded domains. When the external force
f0(x, t) is translation compact in L2

loc(R; H), α > 0, 7
2 ≤ β ≤ 5 and initial 

data uτ ∈ V , we give a series of uniform estimates on the solutions. Based 
on these estimates, we prove the family of processes {Uf (t, τ)}, f ∈ H(f0), is
(V × H(f0), V )-continuous. At the same time, by making use of Ascoli–Arzela 
theorem, we find {Uf (t, τ)}, f ∈ H(f0), is (V, H2(Ω))-uniformly compact. So, 
using semiprocess theory, we obtain the existence of (V, V )-uniform attractor and 
(V, H2(Ω))-uniform attractor. And we prove the (V, V )-uniform attractor is actually 
the (V, H2(Ω))-uniform attractor.

© 2014 Elsevier Inc. All rights reserved.

1. Introduction

In the last years, also in the present, there has been a great interest in studying the asymptotic behav-
ior of the weak solutions of the three-dimensional Navier–Stokes equations [7,4,11,2,3,10,9]. However, the 
uniqueness of weak solutions and the global existence of strong solutions for three-dimensional Navier–Stokes 
equation remain completely open. In [5], Xiaojing Cai and Quansen Jiu have investigated the existence and 
regularity of solutions for three-dimensional Navier–Stokes equation with nonlinear damping. And in [13], 
we have discussed the existence of global attractors for the strong solutions of three-dimensional Navier–
Stokes equation with nonlinear damping. So far, there are no other results on the asymptotic behavior of 
solutions for this equation.

In this paper, we consider the following non-autonomous three-dimensional Navier–Stokes equation with 
nonlinear damping:
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⎧⎪⎪⎪⎨
⎪⎪⎪⎩

ut − μΔu + (u · ∇)u + α|u|β−1u + ∇p = f(x, t), x ∈ Ω, t > τ,

div u = 0, x ∈ Ω, t > τ,

u|t=τ = uτ , x ∈ Ω,

u|∂Ω = 0, t > τ,

(1)

where μ > 0 is the kinematic viscosity of the fluid and f(x, t) is the external body force. Ω ⊂ R
3 is an 

open bounded set with the boundary ∂Ω smooth enough. The unknown functions here are u = u(x, t) =
(u1(x, t), u2(x, t), u3(x, t)) and p = p(x, t), which stand for the velocity field and the pressure of the flow, 
respectively. In dampness term, β ≥ 1 and α > 0 are two constants. The given function uτ = uτ (x) is the 
initial velocity.

The mathematical framework of (1) is classical. We define the usual function spaces

V =
{
u ∈

(
C∞

0 (Ω)
)3 : div u = 0

}
, H = cl(L2(Ω))3V, V = cl(H1

0 (Ω))3V,

where clX denotes the closure in the space X. It is well known that H, V are separable Hilbert spaces and 
identifying H and its dual H ′, we have V ↪→ H ↪→ V ′ with dense and continuous injections, and V ↪→ H is 
compact. H and V endowed, respectively, with the inner products

(u, v) =
∫
Ω

u · vdx, ∀u, v ∈ H,

(
(u, v)

)
=

3∑
i=1

∫
Ω

∇ui · ∇vidx, ∀u, v ∈ V,

and norms | · |2 = (·, ·) 1
2 , ‖ · ‖ = ((·, ·)) 1

2 . In this paper, Lp(Ω) = (Lp(Ω))3, and we use | · |p to denote the 
norm in Lp(Ω).

If u ∈ L∞(τ, T ; H) ∩ L2(τ, T ; V ) ∩ Lβ+1(τ, T ; Lβ+1(Ω)) satisfies
⎧⎨
⎩

d
dt (u, v) + μ

(
(u, v)

)
+ b(u, u, v) +

(
α|u|β−1u, v

)
= (f, v), ∀v ∈ V, ∀t > τ,

u(τ) = uτ ,
(2)

then we say that u is a weak solution of (1) on [τ, T ].
The weak formulation (2) is equivalent to the function equation

⎧⎨
⎩

du
dt + μAu + B(u) + G(u) = f(x, t), for t > τ,

u(τ) = uτ ,
(3)

where Au = −P̃Δu is the Stokes operator defined by 〈Au, v〉 = ((u, v)), and P̃ is the orthogonal projection 
of (L2(Ω))3 onto H. G(u) = P̃F (u), and F (u) = α|u|β−1u. B : V × V → V ′ is a bilinear operator defined 
by 〈B(u, v), w〉 = b(u, v, w), B(u) = B(u, u), where

b(u, v, w) =
3∑

i=1

∫
Ω

ui
∂vj
∂xi

wjdx,

and 〈·, ·〉 is the duality product between V and V ′.
In this paper, ↪→ denotes embedding between spaces, distE(X, Y ) = supx∈X infy∈Y dist(x, y) denotes the 

Hausdorff semi-distance between X ⊂ E and Y ⊂ E in the metric space E. C and C(·) denote the generic 
constant that may take different values in different places.



Download	English	Version:

https://daneshyari.com/en/article/6418084

Download	Persian	Version:

https://daneshyari.com/article/6418084

Daneshyari.com

https://daneshyari.com/en/article/6418084
https://daneshyari.com/article/6418084
https://daneshyari.com/

