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1. Introduction

Consider the following quasilinear parabolic problem

i vu = flu z
Ut—le(W> = f(u), (z,t) € 2x(0,7T),

u(z,t) =0, (z,t) € 002 x (0,T),
u(zx,0) = p(z), x € 2,

(1.1)

where 2 C R™ is a bounded, mean-convex domain of class C?T. Assume that ¢ € C?T%({2) is compatible
with the boundary condition u = 0. Here, av € (0,1), C¥+*(£2) and C*+"5* (2 x[0, T]) denote the standard
Holder spaces on {2 and 2 x [0, T], “mean-convex” means H' > 0, where H' denotes the mean curvature of
012. Notice that mean-convexity is weaker than convexity when n > 3.

We are interested in (1.1) with the following three types of f:
(A) f(u) = X,
(B) flu)=Au—ouP,0>0,p>1,
(C) fu) =Alu—u?), p>1,
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where ) is a positive parameter. These problems are of both mathematical and physical interest. Case (A)
arises in the model of pendent liquid drops in capillary surfaces (see [5,11]). The solutions in cases (A) and
(B) are also viewed as heat flows with the unit heat capacity, the conductivity (1+ |Vu|?)~ 2, and the heat
source f (see [4]). Case (C) is related to a phase transition model with large spatial gradients (see [1,2] for
p=3).

In the present paper, we are concerned with the so-called infinite time gradient blow-up phenomenon for
(1.1). Let u(x,t) be a global solution of (1.1) with T' = +oo. If limsup, , , . [[Vu(-, )|/ L (o) = 400, then
phenomenon is called as infinite time gradient blow-up, which is also referred to as gradient grow-up.

About this phenomenon, very few examples are known in the literature yet. In [4], Chen considered the
one-dimensional case of (1.1) with slightly more general f than (A) and (B), and proved that infinite time
gradient blow-up occurs for large A. In [15], Souplet and Vézquez showed that the solution of the problem

Up = Ugy + |Ug|P, t>0, 0<z<1,
u(0,t) =0, w(l,t)=M, t>0,
u(z,0) = ug(x), 0<z<l,

has an infinite derivative at x = 0 provided that p > 2 and M equals the critical value p—iQ(p — l)g%i In

[16], Stinner and Winkler investigated the degenerate parabolic equation

Up = UPUL, + ku"u +ul, t>0,0<2z <L,
u(0,0) =0 =u(L,t), t >0,
u(z,0) = ug(x), 0<z<L,

and showed that when p > 2, ¢ € [1,p—1], k > 0, and either r =p—1and k < p—2or r > p—1, under an
additional assumption on ug, the problem has a positive global solution and its gradient blows up in infinite
time. In [18], Winkler further proved that the assumption on uy can be removed when k = 0.

The purpose of this paper is to extend some results of Chen [4] to n > 2 and to give examples of infinite
time gradient blow-up in higher dimensions. For cases (A), (B) and (C), we shall show that infinite time
gradient blow-up happens for (1.1) under appropriate assumptions on ¢ and \. Notice that for these cases,
(1.1) has a unique global solution for T'= 400 (see Lemma 3.1 below).

Denote by A; the first eigenvalue of —A in H{(£2). Define the energy functional

A

Elu) = /(\/1 + |Vul2 —1) — §u2 dx. (1.2)
Q

Our main results are the following theorems. The first two results deal with case (A).

Theorem 1.1. Let f(u) = Au and let u be the global solution of (1.1). If E[p] < 0, then infinite time gradient
blow-up happens.

Remark 1. For any given ¢ # 0, by the relation

Elky] = /(\/ 1+ k2|ch(aj)‘2 -1) - %kQLpQ(x) ds,

2

it is easy to see that there exists k large enough such that E[ky] < 0.

For nontrivial nonnegative initial data, we have the following results.
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