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a + b||lul|®. By using the fixed point index theory, when wg is sufficiently small,
the spectral radius Ar(A) < 1 and a — y8 > 1, where v = sgnb, we obtain a

gzii})ZZizous operator positive solution to the above equation under some appropriate conditions. The new
Kirchhoff equation results generalize the previous research about the homogeneous operator equation.
Positive solutions As an application, by using our main theorem we can obtain a symmetrical positive
Fixed point index solution to the one dimensional Kirchhoff equation.
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1. Introduction

Let E be a real Banach space with norm || - ||, P be a cone in E. In this paper, we study the following
equation with an a-homogeneous operator

o(u)u = AaAu + Bu + ug, (1.1)

where A > 0 is a parameter, A : E — F is a positive linear completely continuous operator, B: P — P is a
completely continuous a-homogeneous operator, ¢(u) = a + b||ul|® and ug is a given element of P.
Existence and multiplicity of solutions for nonlinear operator equations in an ordered Banach space
were initiated by Amann [2]. Since then, by applying the Banach contraction mapping principle and the
Krasnosel’skii fixed point theorem, many authors have studied more general nonlinear operator equations
as can be seen in [3,4,9,20,21], for instance. On the other hand, the study for the Kirchhoff equation
plays an important role in physics and other subjects. There have been many papers studying the Kirchhoff
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equations by using the variational method, see [1,5-7,12,16,17]. Recently, some papers have studied the three
dimensional Kirchhoff equation by using the fixed point index theory, see [10,19]. Since we can compute the
Green function for one dimensional Kirchhoff equation, we may obtain better results. Therefore, the aim
of this paper is to establish the existence of positive solutions to the operator equation (1.1) and apply the
results obtained to the one dimensional Kirchhoff equation so that some positive solutions are obtained by
using also the fixed point index theory.

In [23], by the Krasnosel’skii fixed point theorem, the author obtained the existence of multiple positive
solutions to the following equation

u = b(u, u) + ug, (1.2)

where b : Px P — P is a bilinear and completely continuous operator with inf, ¢ p |j,=1 [|b(u, w)|| > 0. In [15],
the authors studied the equation uw = Bu + ug, where B is a compact mapping with allu|? < ||B(u)| <
bllu||”. Motivated by the results of [23] and the methods in [18], we generalize the bilinear operator b to a
homogeneous operator B with inf,cp =1 [[Bul| > 0 and add a linear operator AA. Hence, we consider the
following equation with a homogeneous operator

u = AAu + Bu + ug, (1.3)

where A > 0 is a parameter. Under some appropriate conditions, we prove that Eq. (1.3) has at least a
positive solution. However, in order to apply our main results to the Kirchhoff equation, we generalize
further Eq. (1.3) to Eq. (1.1). By using the fixed point index theory, when wug is sufficiently small, the
spectral radius A\r(A) < 1 and o — 8 > 1, where v = sgnb, we obtain a positive solution to Eq. (1.1).
If A = 0, the result is one of [15]. Hence, this new abstract fixed point theorem generalizes the previous
research [15,23].

In Section 3, we consider the existence of symmetrical positive solutions to the one dimensional Kirchhoff
equation. By constructing a new cone in the Sobolev space Hg(0,1), and by using the fixed point index
theory, we prove that the Kirchhoff equation has at least one, or two symmetrical positive solutions under
appropriate conditions, respectively.

The key tool in our approach is the following well known lemma [8,11] originating from the work of
Krasnosel’skii [13].

Lemma 1.1. Let E be a real Banach space and P C E be a cone in E. Let r > 0, and define B, =
{x € E: ||z|| < r}. Assume that A: B, N P — P is a completely continuous operator such that Ax # x for
r€0B.NP.

(i) If |Au| < ||ul| for uw € OB, N P, then the fized point index i(A, B, N P,P) = 1.
(i) If ||Aul| = |lu|| for w € OB, N P, then i(A, B, N P,P) =0.

This paper is organized as follows. In Section 2, by using the fixed point index theory we establish
Theorems 2.2 and 2.5, which are our main results. In Section 3, we apply our results to the one dimensional
Kirchhoff equation.

2. Positive solutions of operator equation

In this section, we first use the fixed point index theory to consider the positive solutions of Eq. (1.1).
Let E be a real Banach space with norm || - ||, P be a cone in F [11].

Definition 2.1. Let B : P — P be an operator. If there is a > 1 such that
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