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We deal with a problem of the explicit reconstruction of any holomorphic function 
f on a ball of C2 from its restrictions on a union of complex lines. The validity 
of such a reconstruction essentially depends on the mutual repartition of these 
lines. This criterion can be analytically described and it is also possible to give 
geometrical sufficient conditions. The motivation of this problem also comes from 
possible applications in mathematical economics and medical imaging.
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1. Introduction

1.1. Presentation of the problem and first results

1.1.1. General formulation of the problem
In this paper we deal with a problem of the reconstruction of a holomorphic function from its restrictions 

on analytic submanifolds. f being a holomorphic function on a domain Ω ⊂ C
n and {Zj}Nj=1 a family 

of analytic submanifolds of Ω, we want to find f from the data f|{Zj}N
j=1

:= {f|Zj
}Nj=1. One can give 

interpolating functions fN ∈ O(Ω) that satisfy fN |{Zj}N
j=1

= f|{Zj}N
j=1

(for example if Ω is convex, strictly 
pseudoconvex or Ω = C

n, see [1]), but generally fN �= f . Then a natural way is to consider an infinite 
family of submanifolds {Zj}∞j=1 and construct the associated interpolating f{Zj}j≥1 as limN→∞ fN . In this 
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case the uniqueness of the interpolating function will certainly be guaranteed but without any assurance of 
the convergence of the sequence (fN)N≥1. Moreover, this motivates the research of explicit reconstruction 
formulas.

1.1.2. An explicit interpolation formula
Here we deal with the case of C2, Ω = B2(0, r0) ⊂ C

2 (where B2(0, r0) = {z ∈ C
2, |z1|2 + |z2|2 < r2

0}), 
and a family of distinct complex lines that cross the origin. Such a family can be described as{{

z ∈ C
2, z1 − ηjz2 = 0

}}
j≥1, (1.1)

with ηj ∈ C all different, that we will simply denote by η = {ηj}j≥1 (w.l.o.g. we can forget the line 
{z2 = 0} that is associated with η0 = ∞). On the other hand, f ∈ O(B2(0, 1)) being given, a way to give 
one interpolating function fN is the one that uses one of the essential ideas from [1], whose computation 
exploits residues and principal values (see [2] and [7]) and whose motivation is to get a formula that fixes 
any polynomial function with degree smaller than N . S2(0, 1) being the unit sphere, one has ∀z ∈ B2(0, 1),

f(z) = lim
ε→0

1
(2πi)2

∫
ζ∈S2(0,1),|

∏N
j=1(ζ1−ηjζ2)|=ε

f(ζ) det (ζ, PN (ζ, z))ω(ζ)∏N
j=1(ζ1 − ηjζ2)(1 − 〈ζ, z〉)

− lim
ε→0

∏N
j=1(z1 − ηjz2)

(2πi)2

∫
ζ∈S2(0,1),|

∏N
j=1(ζ1−ηjζ2)|>ε

f(ζ)ω′(ζ) ∧ ω(ζ)∏N
j=1(ζ1 − ηjζ2)(1 − 〈ζ, z〉)2

,

where ω′(ζ) = ζ1dζ2 − ζ2dζ1, ω(ζ) = dζ1 ∧ dζ2, and PN (ζ, z) ∈ (O(C2 × C
2))2 satisfies ∀(ζ, z) ∈ C

2 × C
2,

〈
PN (ζ), ζ − z

〉
= PN,1(ζ, z)(ζ1 − z1) + PN,2(ζ, z)(ζ2 − z2) =

N∏
j=1

(ζ1 − ηjζ2) −
N∏
j=1

(z1 − ηjz2).

Both integrals can be explicited and yield the following relation: let f ∈ O(B2(0, r0)) (resp. f ∈ O(C2)), 
one has ∀z ∈ B2(0, r0) (resp. z ∈ C

2),

f(z) = EN (f ; η)(z) −RN (f ; η)(z) +
∑

k+l≥N

ak,lz
k
1z

l
2, (1.2)

where 
∑

k,l≥0 ak,lz
k
1z

l
2 is the Taylor expansion of f ,

EN (f ; η)(z) :=
N∑

p=1

(
N∏

j=p+1
(z1 − ηjz2)

)
N∑

q=p

1 + ηpηq
1 + |ηq|2

1∏N
j=p, j �=q(ηq − ηj)

×
∑

m≥N−p

(
z2 + ηqz1

1 + |ηq|2
)m−N+p 1

m!
∂m

∂vm

∣∣∣∣
v=0

[
f(ηqv, v)

]
(1.3)

and

RN (f ; η)(z) :=
N∑

p=1

(
N∏

j=1, j �=p

z1 − ηjz2

ηp − ηj

) ∑
k+l≥N

ak,lη
k
p

(
z2 + ηpz1

1 + |ηp|2
)k+l−N+1

. (1.4)

This relation is an application of the main theorem from [8] that is a more general version for the case of 
multiple complex lines (i.e. with the restriction of f and its first derivatives on every line). A direct proof 
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