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1. Introduction

It is well known that the classes of regularly and of O-regularly varying functions and its various modifications play an
important role in probability theory; see e.g. [4,24]. However, it is less popular that some of these classes also appear in
indefinite operator theory. In particular, the so-called positively increasing functions (see e.g. [10,5]) appear in the recent
papers [17,7], both dealing with indefinite Sturm-Liouville eigenvalue problems of the type —u” = Aru where xr(x) > 0.
Also a connection to HELP inequalities already follows from e.g. [2,3] (formulated in a different terminology) and [17,7].
However, these papers are all restricted to positively increasing functions m which are absolutely continuous, i.e. of the
form m(x) = [y rdt.

For the general (i.e. non-absolutely continuous) case the present paper presents characterizations of the class of mono-
tone O-regularly varying (ORV) functions and of the class of monotone positively increasing (PI) functions by means of the
following properties from formally different areas of mathematical analysis:

(i) the so-called Riesz basis property of an indefinite eigenvalue problem,
(ii) the non-singularity of the critical point infinity of the associated J-selfadjoint, J-nonnegative operator in a Krein space,
(iii) the validity of a regular HELP type inequality.

The common platform for these characterizations is given by a signed Lebesgue-Stieltjes measure induced by a function m
and the associated so-called indefinite Krein-Feller differential operator studied in detail in [14]. Krein-Feller operators can
be regarded as an indefinite generalization of the concept of strings introduced in the fifties by Krein and at the same time
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by Feller; cf. [16,13,11]. Two different types of results are obtained in the paper: one for the function m itself characterizing
the property PI and the other for its generalized inverse characterizing the property ORV by means of the “dual” Krein-Feller
operator or eigenvalue problem (“dual” in the sense of “dual strings”; cf. [16,11]). To this end a number of known results
are collected and interpreted in a new framework.

In order to indicate the characterization of the property PI by (i) take a positive, nondecreasing and unbounded function
f on[a,00),a>0.Putb:=1/a and ms(x) :=1/f(1/x) for x € (0, b]. This nondecreasing function induces a string on [0, b].
However, if we consider the even extension of my to [—b,b] then my induces a signed Lebesgue-Stieltjes measure and
hence, an indefinite Krein-Feller differential expression Dm, Dxu. Here, D, is the Radon-Nikodym derivative with respect
to the signed measure, again denoted by my. Note that Dp;Dxu coincides with the Sturm-Liouville expression u”/r if

mg(x) = fé‘ rdt, r #0. Also in general, the indefinite Krein-Feller eigenvalue problem

—Dm;Dxu = Au, u(=b)=ub)=0 (1.1)

has a countable number of real and simple eigenvalues accumulating only at +oo and —oo; cf. [14]. Let |my|| denote the
total variation of my. In [14] and [21] the question was discussed whether the eigenfunctions form a Riesz basis in the

Hilbert space Lﬁmf I i.e. an orthonormal basis with respect to some equivalent inner product; cf. [15]. This is property (i)

and Parfyonov [21] proved that it is satisfied if and only if there is a constant w € (0, 1) such that my ([0, wx)) < %mf([O, X))
for all x € (0, b). It is not difficult to see that this is equivalent to the existence of a number w € (0, 1) such that

. m g (wXx)
limsup ——
N0 Mf(X)

This means by definition that my is positively increasing at 0 or, equivalently, that f is positively increasing at oo.

For a characterization of the property ORV by (i) an observation by Djurci¢, Nikoli¢ and TorgaSev is used. In [9] it was
shown that f is O-regularly varying at oo (i.e. limsupy o f(@x)/f(x) < oo for all w > 0) if and only if the generalized
inverse f<(y)(=inf{x >a| f(x) > y}) is positively increasing at oco. This is now equivalent to the Riesz basis property
associated with the function ms—(y) =1/f(1/y). It turns out that the corresponding indefinite Krein-Feller eigenvalue
problem is the dual problem to (1.1).

The first intention of the present paper is a detailed presentation of the above conclusions (so far ignoring some restric-
tions). Furthermore, the equivalence of (i) and (ii), obtained from a general result by Curgus and Najman [8], establishes a
connection to the theory of definitizable operators in Krein spaces; cf. [18,6].

In view of (iii), a criterion for (ii) by Curgus [6] is used in order to obtain a characterization of the properties PI and ORV
by the inequality

b 2 b b
</|Dmfw|2dmf) <K(/|w|2dx> </|DxDmfw|2dx> (1.2)
0 0 0

for all suitable functions w satisfying (Dm; w)(b) = 0. In case of an absolutely continuous function my (1.2) is a regular
HELP inequality introduced e.g. in [2,12]. For this case the implication (i) = (iii) was first observed by Volkmer in [25]
and later extended to equivalence in [3]. If m¢ is discrete then (1.2) is a discrete inequality and (1.1) a difference equation
system. Inequality (1.2) in general seems to be new and only related to M. Langer’s abstract approach in [19] where the
inequality is characterized by associated boundary triplets and Titchmarsh-Weyl functions. Now, the property PI appears as
an explicit (necessary and sufficient) condition on my for the validity of the inequality.

2. O-regularly varying functions and positively increasing functions
In this section a number of definitions and known or basic results are collected.
2.1. Definitions and elementary properties

Let f be a positive, nondecreasing and unbounded function on [a, co) with a > 0. Furthermore, let m be a nondecreasing
function on [0, b] with b > 0 such that

m(x) >0 (xe(0,b]), 0=m(0)= li\r%m(x). (2.1)
X
Adapting the notations and definitions from e.g. [4,10,9,5,23], for @ > 0 put
N (9] . f(wx)
w) = liminf , *%0 () =limsu ,
fr.00(@) im0 5= (@) msup F®
m(wx) m(wx)

m*%(w) = limsup .

mx) N0 m(x)

My 0(w) =liminf
x\0
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