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work with a set of L-functions similar to the Selberg class, but in principle our results can
be proved in a still more general setup. In a recent paper the authors treated a special case
of Dirichlet L-functions with real characters. Greater generality of the present paper invites

Iéeé;‘év;:dess'timates new technical difficulties. Effectiveness of the main theorem is illustrated by corollaries
Generalized Euler totient function concerning Euler totient functions associated to the shifted Riemann zeta function, shifted
Riemann zeta function Dirichlet L-functions and shifted L-functions of modular forms. Results are either of the
Dirichlet L-functions same quality as the best known estimates or are entirely new.

Newforms L-functions © 2013 Elsevier Inc. All rights reserved.

1. Introduction

Following [3] we define the general Euler totient function associated to a polynomial Euler product

where p runs over primes and |oj(p)| < 1 for all p and 1 < j <d as follows

d .
F(s)=HFp(s)=l—[H<1 - “gsp)
p

p j=1

o, Fy=n][Fm~".

pin

We assume here that d is chosen as small as possible, i.e. that there exists at least one prime number pg such that

d
Haj(po)#o-

j=1

Then d is called the Euler degree of F. Of course every polynomial Euler product is also a Dirichlet series
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which is absolutely convergent for o = %(s) > 1.
Let

1
V(P)=P<1— Fp(])> (1.2)

and
1 Y(p)
C(F)=§H<1 -0 ) (1.3)
p
It was proved in [3, Theorem 1.1] that for a polynomial Euler product F of degree d and x > 1 we have
d
> @0, F) = C(F)x* + 0 (x(log(2x)) ).
n<x
Let us denote the corresponding error term by
E(x. F)=) o F)— C(F)xX. (1.4)
n<x

As in [3] let Sp denote the set of all polynomial Euler products F(s) belonging to the Selberg class S such that F(s) #0
for
_ co(F)
log(|t] + 10)
where co(F) denotes a positive constant depending on F. We refer to [2,4,8,9] for basic definitions and results on the
Selberg class. Let us remark that most probably S = Sp but it has not been proven yet. It is convenient to introduce a more

general class of L-functions as follows. We say that F € Sp if there exists F* € Sy such that F and F* differ by a finite
number of local factors, i.e. there exists a finite set of primes T such that

F(s) ﬂ,(p) <)
F*(s) Hﬂ( ) ’

peT j=1

(s=0 +it, —o0 <t <),

where [8j(p)| <1 and €j(p) e{—1,1} forall peT and 1< j < 9.
It is known that for F € Sp we have

E(x F) = 2(x) (1.5)

as x — oo (see [3, Corollary 1.4]). The principal goal of the present paper is to improve on this estimate. To formulate our
main result we need the following auxiliary notation. For every prime number p and € = +1 we put

£p(F.e)=arg(—ey(p)) (—m <& (F,e)<m) (1.6)
and for every positive integer k let
a
werko= Y Pl e, (17)
p<x P
&p(F.©)|<m/2
p=e€ (mod k)

Theorem 1.1. Let F(s) be a polynomial Euler product such that F(s + i1) € Sg for certain real . Suppose that C(F) # 0 (see (1.3)).
Then, there exists a positive constant C which may depend on F such that for all integers k > 2 and arbitrary € = +1 we have

E(x, F) = 22 (xexp(¥(Co(k)y/logx, F, €))). (1.8)
Obviously W (x, F, €) > 0 for all x and hence we reprove (1.5) for a slightly larger class of L-functions but under additional

but mild assumption C(F) # 0. However, in many concrete cases we have ¥ (x, F,€) — oo as x — oo for suitably chosen k
and €. In such cases we get an improvement of (1.5), see Theorems 2.1-2.3 below.
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