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1. Introduction

In this paper, we study aspects of the relation of majorization for classical probability distributions and for quantum
mechanical density operators and connections with the action of quantum channels, utilizing relevant properties of the
Shannon entropy and von Neumann entropy. We obtain extensions of classic results from finite to infinite dimensional
Hilbert spaces.

Let B(#¢) be the von Neumann algebra of all bounded linear operators on a separable Hilbert space #¢ over C and S(#)
be the set of all density operators on J¢. Thatis, p € S(#) ifand only if p > 0 and tr(p) = 1. The elements of S(F) are taken
to represent quantum states in quantum physics, while the self-adjoint elements of B (#) represent (bounded) observables.
The set S(#) spans the Banach space 7 (#) of all trace class operators on F.

We denote by B(H#, K) the space of all bounded linear operators from # into another Hilbert space K. An operator
V € B(H, X) is called an isometry if V*V = I4. In this case, VV* € B(XK) is an orthogonal projection. For x,y € #,
X ® y denotes the (linear, rank-1) operator z > (z, y)x(z € #). For each p € S(J) we denote by A(p) = (A1(p), A2(p),
... An(p) - - -) the sequence of eigenvalues of p, arranged in non-increasing order. Thus A(p) € ¢, where ¢ is the positive
cone of sequences decreasing monotonically to 0, as defined in [7].

Let I°°(R) and l} (R™) denote the sets of all bounded real sequences and of all summable non-negative real sequences

which have sum 1, respectively. For a vector r € I°°(R), we introduce r¥ = (rf, e, r,f - - -) as the vector whose elements are
the elements of r re-ordered into non-increasing order. Adopting the definition of majorization given in [2,7], forr, s € ¢},
we say that r is majorized by s, written asr < s, if

o0
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X{:rngsil, fork=1,2,... and ir,-lzzs,vi'
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* Corresponding author.
E-mail addresses: liyuan0401@yahoo.com.cn (Y. Li), paul.busch@york.ac.uk (P. Busch).

0022-247X/$ - see front matter © 2013 Elsevier Inc. All rights reserved.
http://dx.doi.org/10.1016/j.jmaa.2013.06.019


http://dx.doi.org/10.1016/j.jmaa.2013.06.019
http://www.elsevier.com/locate/jmaa
http://www.elsevier.com/locate/jmaa
http://crossmark.dyndns.org/dialog/?doi=10.1016/j.jmaa.2013.06.019&domain=pdf
mailto:liyuan0401@yahoo.com.cn
mailto:paul.busch@york.ac.uk
http://dx.doi.org/10.1016/j.jmaa.2013.06.019

Y. Li, P. Busch /. Math. Anal. Appl. 408 (2013) 384-393 385

Recently, the infinite dimensional Schur-Horn theorem and infinite majorization have received much attention. In [12], A.
Neumann has given properties of infinite majorization in I°°(R); V. Kaftal and G. Weiss [7] have obtained interesting results
for infinite majorization in cj. Arveson and Kadison [3] presented some other characterizations by different methods.

Some results relevant for our purposes are the following: ifr, s € l} (RT), then

r<s<=r=Q0s, withQ;= |U,A]-|2 for some unitary U [4, Theorem 1],
and
r<s<=r=Qs, forsome orthostochastic matrix Q [7, Corollary 6.1].

Motivated by the above studies, we first consider the properties of the Shannon entropy for two elements in l} (R™) that
satisfy majorization. Then we extend and study those properties for two density operators p, o € S(#). Following the
definition given for finite dimensional spaces (see [1]), we denote p < o for two operators p, o € S(#) if A(p) < A(0).

Let M, (B(F#)) be the von Neumann algebra of n x n matrices whose entries are in B8(#), and let @ : B(#) — B(H)
be a linear map. Then @ induces a map @, : M;,(B(H)) —> M,(B(F)) by the formula

@,((a;j) = (P(aiy) for (a;j) € Mu(B(H)).

If every @, is a positive map, then @ is called completely positive. @ is said to be normal if @ is continuous with respect to
the ultraweak (o -weak) topology. Normal completely positive contractive maps on B(J#) were characterized in a theorem
of Kraus [8, Theorem 3.3], which says that @ is a normal contractive completely positive map if and only if there exists a
sequence {A;}°; in B8(#) such that for all X € B(H),

o0 o0
®(X) =) AXA; with Y AAT <1
i=1 i=1

where the limits are defined in the strong operator topology. The sequence {A;}°,, which is not unique, is also called a family
of Kraus operators for @. In this case, @ has a dual map @ defined by

[o.¢]
'(X) =D AXA forX € T (),
i=1
where the sum converges in the trace norm topology. It is easy to see that one has
tr[@T(X)Y]| = [trX@ ()] < | @[ IV tr(X]), X € T(H),Y € B(H),
so @7 (X) € T(#) and @' is well defined on 7 (#). In general, @ cannot be extended from 7 (#) into B(#). However, if
Y, AfA; < I, then @ is well defined as a normal map on B (#). A normal completely positive map @ which is trace pre-
serving (@7 (I) = I, corresponding to tr (@ (X)) = tr(X) for X € 7' (#)) is called a quantum channel. If a normal completely
positive map satisfies @ (I) < I, then @ is called a quantum operation [8,9]. A quantum operation is unital if @ (I) = I, which
is equivalent to Zj AjA]’.“ = I. A quantum operation is bi-stochastic if it is both trace-preserving and unital. In particular, @
is said to be a mixed unitary operation if @ (X) = Zin=1 t;UiXU;", where n < oo, the U; are all unitary operators and t; > 0,
Z?=1 ti=1
The von Neumann entropy of a quantum state p is defined by the formula
S(p) = —tr(plog(p)).
Here we follow the common practice of taking the logarithm to base two. In classical information theory, the Shannon en-
tropy is defined by H(p) = — ), pi log(p;), where p = (p1, p2 - - - pn - - -) is a probability distribution. If 1; are the eigenvalues
of p, then the von Neumann entropy can be re-expressed as

S(p) = =) hilog(h) = H(A(p)),
i=1

where we use 0log 0 = 0.

There are extensive recent studies of quantum operations which preserve the von Neumann entropy and the relative
entropy of quantum states [6,10,15,17].

Hardy, Littlewood and Pélya [5] showed for &, n € R",

& <n <= & =Qn forsome doubly stochastic matrix Q.

In the quantum context, Uhlmann proved the following for any pair of density operators p,c € S(J#) acting in a finite
dimensional Hilbert space #:

p <0 <= p=®(c), forsome mixed unitary quantum operation @.

Uhlmann’s theorem can be used to study the role of majorization in quantum mechanics.

Here we first consider the properties of the Shannon entropies of two probability distributions which obey majorization.
Then we give a generalization of Uhlmann’s theorem for infinite dimensional Hilbert spaces. Finally, we give a characteri-
zation of quantum channels that leave the von Neumann entropy invariant.
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