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the spherical Bochner-Riesz and its maximal operators. This is done by establishing
implications between the corresponding estimates for the spherical Bochner-Riesz and the
cylindrical multiplier operators.
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1. Introduction and statement of results

In this paper we consider multiplier operators associated with a rough distance function, which are known as the cylinder
multiplier operators. More precisely, we define a distance function p by

p(€) = max{|€'], [Eal}, & = (€, 1) € RI X R.

The generalized Riesz means of order @ > 0 which are associated with p is defined by

o
T P&\ =
Stf@) = (1 - f&).
+
Here a§ = a* fora > 0 and a§ = O otherwise. In connection with the convergence of S;f — finL” ast — oo, the
inequality
1S¥f ety < ClIf lpga+ry (1L1)

has been studied by some authors [1,2].
As it was shown in [2], IP boundedness of S is closely related to those of the spherical Bochner-Riesz and the cone
multiplier operators. For 1 < p < o0, let

o -2l-2}
a(p) =maxid|—— =|— = ,0
p
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be the critical exponent for [? boundedness of Bochner—Riesz operators in R? and the cone multiplier operator in R¢*1. We
now set

o

72
_ |$| ) /g\(g/)’ E, e Rd.
+

t2

T¢g(E) = (1
The conjecture which is known as Bochner-Riesz conjecture is thatfor 1 < p < o0

1T gl ey < ClIglp @ (1.2)

ifand only if¢ > «(p). When d = 2, it was verified by Carleson and Sj6lin [3]. In higher dimensions it is still open and some
partial results are known. Indeed, [’ boundedness on the range (2d + 2)/(d — 1) <p <ocand 1 <p < (2d+2)/(d+ 1)
is due to the sharp L2 restriction estimate [4] and the argument of Stein (for example, see, [5, pp. 422-423]). Beyond these
results, progresses have been made (see [6-9] and references therein). Most recent results are due to the third author [8]
(also see [10]) when d = 3, 4, and Bourgain and Guth [11] when d > 5.

By de Leeuw’s restriction theorem the boundedness of S{ on L? (R%1) implies that of the Bochner-Riesz operator of the
same order on [ (R%). From the known necessary condition for (1.2), it follows that S{ is bounded on I” only if @ > a(p).

When d > 3 there is an additional necessary condition that % <p< %. It is due to the fact that near the surface
|€'| = Eq41, the multiplier (1 — @)i behaves similarly as the cone multiplier of order 1. So it was conjectured [1,2]

that (1.1) holds if and only if « > «(p) and d% <p< dz—_d3 whend > 3and 1 < p < oo whend = 2. In [2] the problem
was settled when d = 2, and some partial results were obtained when d > 3. For further progress in higher dimensions,
one should improve boundedness of Bochner-Riesz operators. However, thanks to recent progress on the problem of the
cone multiplier [12] (also see [13,14]), it is possible to show that I? boundedness of S{ is equivalent to that of T{".

Theorem 1.1. Let 1 < p < cowhend = 2, and let dz+—d3 <p< % when d > 3. (1.2) holds for « > «(p) if and only
if (1.1) holds for a > a/(p).

So this establishes P boundedness of the cylinder multiplier operators up to the currently known range of Bochner-Riesz
operators. That is to say, (1.1) holds if p, < p < 00,1 <p < p/,and « > «(p) where p, is given by

12
o=24+——— ifd=k(mod3), k=-1,0,1.
P 4d—3—k (mod 3)
Next we consider the maximal operator

Sef(x) = sup ISeF (ol

In general, I? estimate for SZ f has been of interest in connection with almost everywhere convergence of Sf'f ast — ooand it
is also an obvious extension of (1.1). The same problems for the maximal Bochner-Riesz operator T g (x') = sup,. ¢ [TFg(x")|
have been studied in [15,16,8] and it is conjectured that for2 < p < oo

1T gllp ey < ClIgHpma (1.3)

holds if and only if @ > «(p). This was settled by Carbery [15] when d = 2. Partial results are known [16,8] when d > 3 so
that the conjecture is verified forp > 2 + g. It seems possible that recent progress [11] leads to further improvement. On
the contrary, for p < 2 Tao [17] showed that the L” boundedness of T{ is different from that of T{, and when d = 2 he [18]
also obtained some improvement upon the classical result [19].

It is natural to expect that the maximal estimate

1S5S 11 p a1y < CIf llppga+ry (1.4)

holds provided that « > a(p),and2 < p <ocowhend =2and2 <p < d% whend > 3.For0 < p < 1 the boundedness
of S¢ from HP to [P*° was shown in [20]. But, as far as the authors know, nothing is known about (1.4) for p > 1. In what
follows we shall show that the similar implication also holds for the maximal estimates.

Theorem 1.2. [et2 < p < ocowhend =2andlet2 <p < % when d > 3.If (1.3) holds for « > o(p), then (1.4) holds for
o > a(p).

Hence, this establishes the boundedness of S up to that of currently known range of maximal Bochner-Riesz operators. So,
(1.4) holds for p > 2 + % (see [8]).
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