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1. Introduction

Lattice dynamical systems (LDS’s) arise in many applications of science and engineering where the spatial structure has a
discrete character. The wide range of interest includes metallurgy in material science, where LDS’s have been used to model
solidification of alloys [5], cellular neutral networks in electrical circuit theory [9,10,20], and some other examples in pattern
recognition, image processing, chemical reaction theory, etc. Therefore the research on LDS’s has attracted much attention
from both mathematicians and engineering scientists. Extensive studies have been made on different aspects of LDS’s during
the past decades, such as the chaos properties of solutions [7,16], traveling wave solutions [8,20,21], and existence of the
global attractors for LDS’s [3,4].

Since most of the realistic systems involve random effects which may play an important role as intrinsic phenomena
rather than just compensation of defects in deterministic models, stochastic lattice systems (SLDS’s) then arise naturally
while these uncertainties or noises are taken into account. Many works have been done regarding the existence of global
random attractors for LDS’s driven by stochastic processes [2,6,14]. Not until recently did researchers start to pay attention
to the existence of random attractors for second-order SLDS’s [17-19]. However, all the existing work only consider the case
of additive noise, no result has been presented on second-order SLDS’s with multiplicative noise to date.

The sine-Gordon equation,

?u  %u .

2 =GW + bsin(Au), (1.1)
is a nonlinear hyperbolic differential equation which has a wide range of applications in physics, not only in relativistic field
theories but in solid-state physics, nonlinear optics, etc. Fan studied the attractors for a damped sine-Gordon equation with
multiplicative noise [11,12] on a bounded domain, but not the sine-Gordon lattice systems. In this article we will discuss
the random attractors for stochastic sine-Gordon lattice systems with multiplicative white noise. The rest of this paper is
organized as follows. In Section 2, we introduce basic concepts concerning random dynamical systems and global random
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attractors. We then discuss the existence of random attractors for stochastic sine-Gordon lattice systems with multiplicative
white noise in Section 3. Section 4 offers some closing remarks.

2. Preliminaries

In this section, we present some concepts (from [1,2]) related to a RDS and a random attractor.

Let (X, || - ||lx) be a separable Hilbert space, (§2, F,P) be a probability space and {6; : 2 — 2, t € R} be a family of
measure preserving transformations such that (t, w) +— 6;w is measurable, 6y = Idg, 6;1s = 6:0;, for all s,t € R. The space
(2, F,P, (6r)ter) is called a metric dynamical system.

In the following, a property holds for a.e. w € £2 means that there is 29 C £2 with P(£2¢9) =1 and 6;£2¢ = £2¢ for t € R.

Definition 2.1. A continuous random dynamical system on (£2,F,P, (6;)tcr) with state space X is a (B(RT) x F x
B(X), B(X))-measurable mapping

P RTx2xX—=X, (t,o,u) - @t o u)
such that the following properties hold

(1) (0, w,u)=u for all we £2 and u € X;
(2) et +s,w,) =@(t, 6w, p(s,w,-)) for all s,t >0 and w € £2;
(3) ¢ is continuous in t and u.

For given u € X and E, F C X, we define
d(u, E) = inf |lu — v| x
veE

and
dy(E, F) =supd(u, F).

uekE
dy(E, F) is called the Hausdorff semi-distance from E to F.

Definition 2.2.

(1) A set-valued mapping @ — D(w) : £2 — 2X is said to be a random set if the mapping @ > d(u, D(®)) is measurable for
any u € X.

(2) The mapping w +— D(w) is called a random closed (compact) set, if D(w) is closed (compact) for each w € £2.

(3) A random set w +— D(w) is said to be bounded if there exist ug € X and a random variable R(w) > 0 such that

D(w) C {ueX: |u—uollx <Rw)} forallwe 2.

(4) A random bounded set w — D(w) is called tempered if for a.e. w € 2,
Jim e P sup|llullx:u € D(O_iw)} =0 forall > 0.
—00

Definition 2.3. A random set w — B(w) is said to be a random absorbing set if for any tempered random set w +— D(w),
there exists Tp(w) such that

@(t,0_tw, D(0_tw)) C B(w) forallt>Tp(w), w e £2.
Definition 2.4. A random set w — B1(w) is said to be a random attracting set if for any tempered random set w > D(w), we
have

lim dy (p(t, 6_tw, D(6—tw), B1(w)) =0 forallw € £2.

t—o00

Definition 2.5. A random compact set w +— A(w) is said to be a random attractor if it is an random attracting set and
o(t, 0, A(w)) = A6rw) for all w € 2 and t > 0.

In what follows we use D(X) to denote the set of all tempered random subsets of X.

Definition 2.6. A RDS {¢(t, ®, -)}t>0,wec defined on a metric dynamical system (£2, F,P, (6;)ccr) with state space 2 is
said to be asymptotically null in D(?), if for a.e. w € 2, D(w) € D(1?), and any ¢ > 0, there exists T (e, w, D(w)) > 0 and
M(e, w, D(w)) € N such that

> e(t 0o, u@_w),|> <e, Ve=T(e, 0, D)), Yu(w) € D(w).
li|>M(e,w,D(w))
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