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In this note we consider rank-one perturbations of weighted shifts to examine dis-
tinctions between various sorts of weak hyponormalities, including p-hyponormality,
p-paranormality, and absolute-p-paranormality. Our examples enable us to add to the small
collection of examples that exhibit the gaps between these classes.

© 2010 Elsevier Inc. All rights reserved.

1. Introduction

Let H be a separable, infinite-dimensional, complex Hilbert space and let L(H) be the algebra of all bounded linear
operators on H. The study of partial normalities such as p-hyponormality and other weak hyponormalities has been con-
sidered for some 30 years (see [10,16]). An operator T ∈ L(H) is said to be p-hyponormal (0 < p < ∞) if (T ∗T )p � (T T ∗)p .
And T ∈ L(H) is ∞-hyponormal if T is p-hyponormal for all p ∈ (0,∞). In particular, if p = 1

2 , then T is said to be

semi-hyponormal [16]. Recall that an operator T ∈ L(H) has the unique polar decomposition T = U |T |, where |T | = (T ∗T )
1
2

and U is a partial isometry satisfying ker U = ker |T | = ker T and ker U∗ = ker T ∗ . For each p > 0, an operator T is p-
paranormal if ‖|T |p U |T |p x‖ � ‖|T |p x‖2 for all unit vectors x in H. Every q-paranormal operator is p-paranormal for q � p.
And T is absolute-p-paranormal if ‖|T |p T x‖ � ‖T x‖p+1 for all unit vectors x in H. Observe that absolute-1-paranormality
and 1-paranormality coincide; we call this property simply paranormality. Note that every absolute-q-paranormal operator
is absolute-p-paranormal for q � p [10]. The implications among classes of operators mentioned above are as follows:

• p-hyponormal ⇒ p-paranormal ⇒ absolute-p-paranormal (0 < p < 1);
• p-hyponormal ⇒ absolute-p-paranormal ⇒ p-paranormal (p > 1).

Since examples for these operator classes are not abundant, it is worthwhile to develop examples to distinguish these
classes. In [6,13,14], some block matrix operators were considered to exemplify the above classes, but it was proved in
their models that p-paranormality is equivalent to absolute-p-paranormality. Also, models of composition operators were
discussed in [3,14,2,4], and [7], to exemplify these various partial normality classes, but it also was shown that for these
operators the two partial normalities coincide [2]. There do not exist examples showing that p-paranormality and absolute-
q-paranormality are distinct except an example in [10, p. 179] that there is an absolute-2-paranormal operator which is not
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1-paranormal. But examples showing that the two notions of p-paranormality and absolute-p-paranormality are distinct for
all p are not yet known. So it is worthwhile to seek such examples to show these two notions are distinct.

For non-zero vectors x and y in H, we consider the rank-one operator x ⊗ y defined by (x ⊗ y)(z) = 〈z, y〉x for all z
in H. Let Wα be a weighted shift with weight sequence α = {αi}∞i=0. Then Wα + t(x ⊗ y) is a rank-one perturbation of Wα

with the parameter t ∈ (0,∞). In this note we discuss some special rank-one perturbations of weighted shifts which can
serve to distinguish these classes.

The paper consists of three sections. In Section 2 we characterize p-hyponormality for rank-one perturbations of a
weighted shift, and obtain examples showing the classes of p-hyponormal operators are distinct in p > 0. In Section 3, we
also characterize absolute-p-paranormality and p-paranormality for the rank-one perturbations of weighted shifts consid-
ered, which provide examples showing these two classes are distinct.

Some of the calculations in this paper were obtained through computer experiments using the software tool Mathemat-
ica [15].

2. p-Hyponormalities

Let Wα be a weighted shift with weight sequence α = {αi}∞i=0 of nonnegative real numbers. Let {ei}∞i=0 be an orthonor-
mal basis for H = �2(Z+). Obviously, Wα is hyponormal if and only if Wα is p-hyponormal for any [some] p ∈ (0,∞). In
particular, Wα is normal if and only if αn = 0 for all n � 0, and Wα is quasinormal if and only if αn(α2

n+1 − α2
n ) = 0 for

all n � 0. Hence weighted shifts cannot separate classes of p-hyponormal operators. But rank-one perturbations of weighted
shifts with a positive real parameter separate the classes of p-hyponormal operators completely.

For a fixed k ∈ N0 := N ∪ {0}, we consider a rank-one perturbation of a weighted shift

T (k, t) := Wα + t(ek ⊗ ek) (2.1)

with parameter t ∈ (0,∞).
Throughout this paper we extend weight sequence α = {αi}∞i=0 with α−1 = α−2 = α−3 = 0 if such notations are conve-

nient. For example, we set α−1 = α−2 = 0 in Theorem 2.1 below.

Theorem 2.1. Let T (k, t) be as in (2.1). Suppose that p ∈ (0,∞). Then the following assertions hold:

(i) if αk−1 > 0 and αk > 0 (which happens only if k � 1), then T (k, t) is p-hyponormal if and only if αi � αi+1 (0 � i � k − 3;
i � k + 1) and it holds that

δ11 > 0, δ11δ22 − δ2
12 > 0, and δ33

(
δ11δ22 − δ2

12

)− δ11δ
2
23 � 0, (2.2)

where

δ11 = −α
2p
k−2 + {(t2 + α2
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)
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)
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)
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/(2γk);

λk = (t2 + α2
k−1 + α2

k − γk
)
/2; μk = (t2 + α2

k−1 + α2
k + γk

)
/2;

γk = [(t2 + α2
k−1 + α2

k

)2 − 4(αk−1αk)
2]1/2

, (2.3)

(ii) if αk−1 = 0 and αk > 0, then T (k, t) is p-hyponormal if and only if αi = 0 (0 � i � k − 2), αi+k+1 � αi+k (i ∈ N), and α2
k+1 �

α2
k + t2 ,

(iii) if αk−1 = 0 and αk = 0, then T (k, t) is p-hyponormal if and only if αi = 0 (0 � i � k − 2) and αi+1 � αi (i � k + 1).

Proof. (i) By simple computations, we have that

T (k, t)∗T (k, t) = Diag
{
α2

0, . . . ,α2
k−2, Ak,α

2
k+2, . . .

}
and

T (k, t)T (k, t)∗ = Diag
{

0,α2
0 , . . . ,α2

k−3, Bk,α
2
k+1, . . .

}
with

Ak =
⎡⎢⎣ α2

k−1 tαk−1 0

tαk−1 t2 + α2
k 0

0 0 α2
k+1

⎤⎥⎦ and Bk =
⎡⎢⎣α2

k−2 0 0

0 t2 + α2
k−1 tαk

0 tαk α2
k

⎤⎥⎦ , (2.4)
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