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1. Introduction

For an integer n > 1, let p be a prime of the form p =nf + 1. Let H, denote the set of (nonzero)
n-th power residues in I, where F), is the field of p elements. For € € {0, 1}, define Hy ¢ = Hy U
{1 —€}. Note that |Hp¢|= f + €.

Fix m € F;. In 1975, Lam [18] introduced addition sets, which generalize cyclic difference sets. He
called Hp an n-th power residue addition set modulo p if there exists an integer A > 0 such that
the list of differences s —mt e ]F; with s, t € Hy ¢ hits each element of IF‘:; exactly A times. If m € Hy,
such an addition set is a classical power residue difference set modulo p; see [3, p. 174]. If m ¢ H,,
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we call such an addition set a qualified power residue difference set modulo p with qualifier m;
cf. [14,15].
The classical n-th power residue difference sets H  for n < 8 are the following [3, pp. 177-179]:

Hy¢, ifp>3, p=3(mod4), (1.1)
Hs4e, ifp>5, p=(1+8¢)+4y?forsomeoddy, (1.2)
Hg., ifp=(1+48¢)+ 8u®=(9+432¢)+64v?, withintegers u, v. (1.3)

It is known that H, ¢ is never a classical power residue difference set when n is odd [3, p. 177],
n==6 [3, p. 178], n=10 [26], n =12 [3, p. 179], n =14 [21], n =16 [9,25], n =18 [1,2], and n =20
[10,22]. These nonexistence results were obtained sporadically during the period 1953-1999. The
cases with even n > 20 are open (see [3, p. 497]), but we conjecture that the list (1.1)-(1.3) is com-
plete.

As was noted above, complete information on the existence of classical n-th power residue dif-
ference sets is known for all n < 20. The primary goal of this paper is to similarly obtain complete
information on the existence of qualified n-th power residue difference sets for all n < 20.

The qualified n-th power residue difference sets for n < 6 with qualifier m are the following, due
to Lam [18,19]:

Hye, ifp=1(mod4), meTF;, m¢Ho, (1.4)
Hye, ifp=(1+8¢)+ 16x2 for some integer x, m € Hy, m ¢ Hy, (1.5)
Hee, if p=(1+ 24€)+ 108w? for some integer w, m € H3, m ¢ H. (1.6)

It is shown in [19] that Hp . is never a qualified residue difference set when n is odd and when
n=38,n=10, and n = 12. Lam’s results for n =2, 4,6, 8, 10, 12 have also been obtained in the papers
[14,15,4-6], whose authors were at the time unaware of Lam’s work. For related addition sets formed
by taking unions of index classes for p, see [20, Theorems 3.2-3.5].

In this paper, we accomplish our goal by showing that Hj ¢ is never a qualified residue difference
set when n = 14, 16, 18, 20. We also give a new proof of Lam’s nonexistence result for odd n, in Sec-
tion 2. Those looking to find new qualified residue difference sets may thus limit their search to the
cases with even n > 20. However, we conjecture that the list (1.4)-(1.6) is complete.

It is well known that cyclic difference sets have applications in astronomy [7,12,13,17]. The first
author was led to rediscover qualified residue difference sets while working on coded aperture imag-
ing for the European Space Agency’s International Gamma-Ray Astrophysical Laboratory (INTEGRAL)
[8,27]. Difference sets have also been used in medical imaging [16,24].

Consider a qualified residue difference set H = Hy o modulo p =nf + 1 with qualifier m. For
integer t (mod p), define a binary array A(t) by setting A(t) =1 if t € H, and A(t) = 0 otherwise.
Define a post processing array G(t) by setting G(t) =1 —n if t e mH, and G(t) =1 otherwise. The
corresponding cross-correlation function F on the integers is given by

p—1
Fu) =) AMOG(E+u).

t=0

Because H is a qualified residue difference set, F(u) = f if u=0 (mod p), and F(u) = 0 otherwise.
Periodic two-valued cross-correlation functions such as F(u) are potentially useful in signal process-
ing, aperture synthesis, and image formation techniques.
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