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We generalize two identities involving Eisenstein series given
in Chapter 19 of Ramanujan’s second notebook. Four infinite
families of Eisenstein series are obtained and their properties
are investigated. The generating function of each infinite family
is shown to be an elliptic function which has a simple infinite
product expansion. Transformation properties of the Eisenstein
series are investigated from first principles without using the
transformation properties of Dedekind’s eta-function.
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1. Introduction and definitions

Let τ be a complex number that satisfies Imτ > 0 and let q = exp(2π iτ ). In his second notebook
[12, Ch. 19, Entry 8], S. Ramanujan recorded the identities
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where (
j
5 ) is the Legendre symbol, and ϕ and ψ are Ramanujan’s theta functions defined by

ϕ(q) =
∞∑

j=−∞
q j2

and ψ(q) =
∞∑
j=0

q j( j+1)/2.

Proofs of (1) and (2) have been given by B.C. Berndt [2, p. 249]. On the other hand, Ramanujan knew
explicit formulas for each of ϕ(q), ψ(q), 5ϕ2(q5) − ϕ2(q) and ψ2(q) − 5qψ2(q5) as infinite products
[12, Ch. 16, Entry 22], [13, p. 56] (see also [1, p. 30, (i)–(iv)] and [2, p. 36]), and from these it follows
that
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Let c( j) = (−1) j(
j
5 ) and define k and z by
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∞∏
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(
1 − q j)−c( j)

and z = q
d

dq
log k. (5)

The parameter k is related to the Rogers–Ramanujan continued fraction. This connection was noted by
Ramanujan in his second notebook [12, p. 326] where k was denoted by n (see also [3, p. 13]). Several
further identities involving k are stated without proof in Ramanujan’s lost notebook [13, pp. 53, 56,
208]. Several of Ramanujan’s identities for k were discussed by S. Raghavan and S.S. Rangachari [11].
Ramanujan’s results were analyzed in detail by S.-Y. Kang [9]. Kang’s proofs rely on modular equations
in Ramanujan’s notebooks [12] that have been proved by B.C. Berndt [2]. Her work has been repro-
duced in the book by G.E. Andrews and B.C. Berndt [1, pp. 33–44, 81–84]. For different proofs, see the
work of C. Gugg [8]. In [7], Ramanujan’s results were extended and the parameter z was introduced.

Clearly, from the definition (5),
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and it was shown in [7] that

∞∑
j=1

(
j

5

)
jq j

1 − q2 j
= zk

1 − k2
. (7)

Moreover, combining (3)–(7) it follows that z and zk/(1 − k2) each have expressions as infinite prod-
ucts.
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