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a b s t r a c t

We discuss the application of a variant of the method of simplest equation for obtaining exact

traveling wave solutions of a class of nonlinear partial differential equations containing poly-

nomial nonlinearities. As simplest equation we use differential equation for a special function

that contains as particular cases trigonometric and hyperbolic functions as well as the elliptic

function of Weierstrass and Jacobi. We show that for this case the studied class of nonlinear

partial differential equations can be reduced to a system of two equations containing polyno-

mials of the unknown functions. This system may be further reduced to a system of nonlinear

algebraic equations for the parameters of the solved equation and parameters of the solution.

Any nontrivial solution of the last system leads to a traveling wave solution of the solved non-

linear partial differential equation. The methodology is illustrated by obtaining solitary wave

solutions for the generalized Korteweg–deVries equation and by obtaining solutions of the

higher order Korteweg–deVries equation.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

Traveling wave solutions of nonlinear partial differential equations are studied much in the last decades [1–5] as they occur

in many natural systems [6–9] and because of existence of various methods for obtaining such solutions [10–14]. Below we

shall consider the method of simplest equation for obtaining exact analytical solutions of nonlinear partial differential equations

[15–18] and especially its version called modified method of simplest equation [19–21]. Method of simplest equation is based

on a procedure analogous to the first step of the test for the Painleve property [18,22]. In the version of the method called

modified method of the simplest equation [23,24] this procedure is substituted by the concept for the balance equation. Modified

method of simplest equation has its roots back in the history (for an example see [25–28]). Method of simplest equation has been

successfully applied for obtaining exact traveling wave solutions of numerous nonlinear PDEs such as versions of generalized

Kuramoto–Sivashinsky equation, reaction– diffusion equation, reaction - telegraph equation, generalized Swift – Hohenberg

equation and generalized Rayleigh equation, generalized Fisher equation, generalized Huxley equation , generalized Degasperis

– Procesi equation and b-equation, extended Korteweg–de Vries equation, etc. [29–35].
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A short summary of the method of simplest equation is as follows. First of all by means of an appropriate ansatz (for an exam-

ple the traveling-wave ansatz) the solved nonlinear partial differential equation is reduced to a nonlinear ordinary differential

equation

P
(
u, uξ , uξξ , . . .

)
= 0 (1.1)

Then the finite-series solution

u(ξ) =
ν1∑

μ=−ν

pμ[g(ξ)]μ (1.2)

is substituted in (1.1). pμ are coefficients and g(ξ ) is solution of simpler ordinary differential equation called simplest equation.

Let the result of this substitution be a polynomial of g(ξ ). Eq. (1.2) is a solution of Eq. (1.1) if all coefficients of the obtained

polynomial of g(ξ ) are equal to 0. This condition leads to a system of nonlinear algebraic equations. Each solution of the last

system leads to a solution of the studied nonlinear partial differential equation.

In this article we consider a large class of (1+1)-dimensional nonlinear partial differential equations that are constricted by

polynomials of the unknown function and its derivatives. As simplest equation we shall use equation of the kind(
dg

dξ

)2

=
m∑

i=0

aig
i.

The text below is organized as follows. In Section 2 we introduce the class of studied nonlinear partial differential equations and

the used class of simplest equations and their solutions. Then we show that any of the nonlinear partial differential equations

of the discussed class can be reduced to a system of two equations containing polynomials of the unknown function. These

polynomials can be obtained on the basis of addition and multiplication of some basic polynomials connected to the derivatives

of the solved nonlinear partial differential equation. In Section 3 we calculate some of the most used basic polynomials. In

Section 4 the methodology is illustrated by application for obtaining solitary wave solutions of

• Generalized Korteweg–deVries equation;

• Higher order Korteweg–deVries equation.

Several concluding remarks are summarized in Section 5.

2. Formulation of the method

2.1. Proof of the basic theorem

Let us consider a nonlinear PDE with nonlinearities that are polynomials of the unknown function h(x, t) and its derivatives.

We search solution of the kind

h(x, t) = h(ξ); ξ = μx + νt (2.1)

where μ and ν are parameters. The basis of our search will be a solution g(ξ ) of a certain simplest equation. Hence

h = f [g(ξ)] (2.2)

h from Eq. (2.2) is a composite function. For the nth derivative of h we have the Faa di Bruno formula [36]

h(n) =
n∑

k=1

f(k)

∑
p(k,n)

n!

n∏
i=1

gλi

(i)

(λi!)(i!)λi
(2.3)

where

• h(n) = dnh
dxn ;

• f(k) = dk f

dgk
;

• g(i) = dig

dxi ;

• p(n, k) = {λ1, λ2, . . . , λn}: set of numbers such that

n∑
i=1

λi = k;
n∑

i=1

iλi = n. (2.4)

Further we shall concentrate on f(k) and g(i).

Let us now assume that f is a polynomial of g. Then

f =
q∑

r=0

brg
r (2.5)
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