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a b s t r a c t

The class of bounded radius of rotation is generalization of the convex functions. The con-
cept of functions bounded boundary rotation originated from Loewner (1917). But he did
not use the present terminology. It was Paatero (1931, 1933) who systematically devel-
oped their properties and made an exhaustive study of the class Vk.

In the present paper we will investigate the class of harmonic mappings which is related
to the class of bounded boundary rotation.

Crown Copyright � 2014 Published by Elsevier Inc. All rights reserved.

1. Introduction

Let X be the family of functions /ðzÞ regular and satisfying the conditions /ð0Þ ¼ 0; j/ðzÞj < 1 for all
z 2 D ¼ fz 2 Cjjzj < 1g.

Next, denote by P the family of functions pðzÞ ¼ 1þ p1zþ p2z2 þþ . . . regular in D and such that pðzÞ is in P if and only if

pðzÞ ¼ 1þ /ðzÞ
1� /ðzÞ ð1:1Þ

for some function /ðzÞ 2 X and every z 2 D, and let Pk be the class of functions pðzÞ defined in D satisfying the properties
pð0Þ ¼ 1 andZ 2p

0
jRepðzÞjdh 6 kp ð1:2Þ

where z ¼ reih; k P 2, we can write (1.2) as

pðzÞ ¼ 1
2p

Z 2p

0

1þ ze�it

1� ze�it
dlðtÞ ð1:3Þ

where lðtÞ is a function with bounded variation on ½0;2p� such thatZ 2p

0
dlðtÞ ¼ 2;

Z 2p

0
jdlðtÞj 6 k ð1:4Þ
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From (1.2), we can write for pðzÞ 2 Pk,

PðzÞ ¼ 1
2
þ k

4

� �
p1ðzÞ �

k
4
� 1

2

� �
p2ðzÞ ð1:5Þ

where z 2 D and p1ðzÞ; p2ðzÞ 2 P [1,5–8].
Moreover, let A denote the class of functions sðzÞ ¼ zþ a2z2 þ . . . which are analytic in D. Let K; S� and C denote the sub-

classes of A which are close-to-convex, starlike and convex in D, respectively, and we define the following classes;

Rk ¼ sðzÞjsðzÞ 2 A; z
s0ðzÞ
sðzÞ 2 Pk

� �
ð1:6Þ

Vk ¼ sðzÞjsðzÞ 2 A;
ðzs0ðzÞÞ0

s0ðzÞ 2 Pk

� �
ð1:7Þ

We note that

sðzÞ 2 Vk () zs0ðzÞ 2 Rk ð1:8Þ

sðzÞ 2 Vk () 1þ z
s00ðzÞ
s0ðzÞ ¼

1
2
þ k

4

� �
p1ðzÞ þ

1
2
� k

4

� �
p2ðzÞ ð1:9Þ

where p1ðzÞ; p2ðzÞ 2 P. Therefore we say that sðzÞ belongs to Vk if and only if it is solution to the differential equation

1þ z
s00ðzÞ
s0ðzÞ ¼ pðzÞ ð1:10Þ

with initial data sð0Þ ¼ 0; s0ð0Þ ¼ 1, where the function pðzÞ is holomorphic in D such that pð0Þ ¼ 1 and

limr!1

Z 2p

0
RepðreihÞ
�� ��dh 6 kp ð1:11Þ

The classes Vk and Rk are called analytic functions with bounded boundary rotation and with bounded radius rotation,
respectively. Also we note that the class Vk generalizes of convex functions and the class Rk generalizes of starlike functions
[4].

Let s1ðzÞ and s2ðzÞ be elements of A. If there exists /ðzÞ 2 X such that s1ðzÞ ¼ s2ð/ðzÞÞ for all z 2 D, then we say that s1ðzÞ is
subordinate to s2ðzÞ and we write s1ðzÞ � s2ðzÞ. If s2ðzÞ is univalent in D, then s1ðzÞ � s2ðzÞ if and only if
s1ðDÞ � s2ðDÞ; s1ð0Þ ¼ s2ð0Þ implies s1ðDrÞ � s2ðDrÞ, where Dr ¼ fzjjzj < r; 0 < r < 1g. (Subordination and Lindelof Principle
[3]).

Finally, a planar harmonic mapping in the open unit disc D is a complex valued harmonic function f, which maps D onto
the some planar domain f ðDÞ. Since D is simply connected domain the mapping f has canonical decomposition
f ðzÞ ¼ hðzÞ þ gðzÞ where hðzÞ and gðzÞ are analytic in D and have the following power series

hðzÞ ¼
X1
n¼0

anzn; gðzÞ ¼
X1
n¼0

bnzn; z 2 D:

where an; bn 2 C; n ¼ 0;1;2;3; . . .. As in usual we call hðzÞ is analytic part of f and gðzÞ is co-analytic part of f ðzÞ. An elegant
and complete treatment the theory of harmonic mappings is given in Duren’s monograph [2]. Lewy [2] proved in 1936 that

the harmonic mapping f ðzÞ is locally univalent in D if and only if its jacobian Jf ¼ jh
0ðzÞj2 � jg0ðzÞj2 is different from zero in D.

In view of this result, locally univalent harmonic mappings in the open unit disc are either sense-reversing if jg0ðzÞj > jh0ðzÞj
in D or sense-preserving if jg0ðzÞj < jh0ðzÞj in D. Throughout this paper we will restrict ourselves to the study of sense-pre-
serving harmonic mappings. We also note that f ¼ hðzÞ þ gðzÞ is sense-preserving in D if and only if h0ðzÞ does not vanish in

the unit disc D, and the second complex dilatation wðzÞ ¼ g0 ðzÞ
h0 ðzÞ

� �
has the property jwðzÞj < 1 in D.

The class of all sense-preserving harmonic mappings of the open unit disc D with a0 ¼ b0 ¼ 0 and a1 ¼ 1 and will be
denoted by SH . Thus SH contains the standard class S of analytic univalent functions. The family of all mappings f 2 SH with
the additional property that g0ð0Þ ¼ 0, i.e., b1 ¼ 0 is denoted by S0

H . Thus it is clear that S � S0
H � SH .

The main purpose of this paper is to investigate the following class

SHVðk;mÞ ¼ f ðzÞ ¼ hðzÞ þ gðzÞ 2 SHjwðzÞ ¼
g0ðzÞ
h0ðzÞ

� b1ð
1þ z
1� z

Þ
m

; hðzÞ 2 Vk

� �
ð1:12Þ

Therefore we will need the following lemma and theorem.

Lemma 1.1 [5]. Let /ðzÞ be regular in the open unit disc D, with /ð0Þ ¼ 0 Then if /ðzÞj j attains its maximum value on the circle
zj j ¼ r at the point z0, one has z0:/

0ðz0Þ ¼ k/ðz0Þ for some k P 1.
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