
Existence and uniqueness of an attractive nonlinear diffusion
system

Rabha W. Ibrahim a,⇑, Jay M. Jahangiri b

a Institute of Mathematical Sciences, University Malaya, 50603, Malaysia
b Mathematical Sciences, Kent State University, Burton, OH 44021-9500, USA

a r t i c l e i n f o

Keywords:
Analytic function
Fractional calculus
Fractional differential equation

a b s t r a c t

We establish the existence and uniqueness of an attractive fractional coupled system. Such
a system has applications in biological populations of cells. We confirm that the fractional
system under consideration admits a global solution in the Sobolev space. The solution is
shown to be unique. The technique is founded on analytic method of the fixed point theory
and the fractional differential operator is scrutinized from the view of the Riemann–
Liouville differential operator. Finally, we illustrate some entropy fractional differential
inequalities regarding the solution of the system.

� 2014 Elsevier Inc. All rights reserved.

1. Introduction

Fractional calculus (including fractional order indefinite integral and differentiation) obtained by Leibniz was first applied
for Abel’s investigation of dynamical problems such as determining the curve c for a descending particle along the curve c
with a given total time f ðtÞ. This concept is utilized to analyze phenomena having singularities of type ta. Fractional calculus
and fractional order differentiation which is a nonlocal operator are used to study the effects of memories of Brownian
motion (e.g. see Miller and Ross [1], or Oldham and Spanier [2], or Podlubny [3]). Moreover, fractional order differential
equations have been successfully employed for modeling of many different processes and systems in physics, engineering,
chemistry, biology, medicine and food processing (see [4–7]). In these applications, it is often important to consider bound-
ary value problems such as existence and uniqueness of solutions for space–time fractional diffusion equations on bounded
domains. The theory on existence and uniqueness of solutions of linear and nonlinear fractional differential equations has
attracted the attention of many researchers (e.g see [8–15]). Here, we establish the existence and uniqueness of fractional
differential system based on the Riemann–Liouville differential operator. We show that the proposed system implies a global
solution in appropriate Sobolev spaces. The solution is considered to be unique and strong. We employ a method, based on
analytic methods from the fixed point theory. Lastly, we illustrate some entropy fractional differential inequality regarding
the solution of the system.

Fractional calculus originated from the Riemann–Liouville definition of fractional integral of order a in the form

aIat f ðtÞ ¼
Z t

a

ðt � sÞa�1

CðaÞ f ðsÞds:
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The fractional (arbitrary) order differential of the function f of order a > 0 is given by

aDa
t f ðtÞ ¼ d

dt

Z t

a

ðt � sÞ�a

Cð1� aÞ f ðsÞds:

When a ¼ 0, we shall denote 0Da
t f ðtÞ :¼ Da

t f ðtÞ and 0Iat f ðtÞ :¼ Iat f ðtÞ in the follow-up. From above, for a ¼ 0, we conclude that

Da
t tm ¼ Cðmþ 1Þ

Cðm� aþ 1Þ t
m�a; m > �1; 0 < a < 1

and

Iat tm ¼ Cðmþ 1Þ
Cðmþ aþ 1Þ t

mþa; m > �1; a > 0:

It was shown that the Leibniz rule for arbitrary differentiations of the smooth functions (their derivatives are continuous for
all orders) /ðtÞ and wðtÞ; t 2 ½a; b� can be formulated as follows (see [3]):

aDa
t ½/ðtÞwðtÞ� ¼

Xk

n¼0

a
n

� �
aDa�n

t /ðtÞ aDn
t wðtÞ � Ra

k ¼
Xk

n¼0

a
n

� �
aDa�n

t wðtÞ aDn
t /ðtÞ � Ra

k ;

where a 6 k� 1,

a
n

� �
¼ Cðaþ 1Þ

Cðnþ 1ÞCðaþ 1� nÞ

and Ra
k is the remainder of the series, which can be defined as follows:

Ra
k ¼

1
k!Cð�aÞ

Z t

a
ðt � sÞ�a�1/ðsÞds

� � Z t

s
aDkþ1

t wðhÞ ðs� hÞkdh

� �
:

In addition, the fractional differential operator achieves linearity (see [3])

aDa
t ½q/ðtÞ þ rwðtÞ� ¼ q aDa

t ½/ðtÞ� þ r aDa
t ½wðtÞ�:

Recently, Alsaedi et. al. [16] presented an inequality for fractional derivatives related to the Leibniz rule as follows

Lemma 1.1. Let one of the following conditions be satisfied

� u 2 Cð½0; T�Þ and v 2 Cbð½0; T�Þ;a < b 6 1
� v 2 Cð½0; T�Þ and u 2 Cbð½0; T�Þ;a < b 6 1
� u 2 Cbð½0; T�Þ and v 2 Cdð½0; T�Þ;a < b 6 bþ d; b; d 2 ð0;1Þ;

where Ccð½0; T�Þ ¼ fu : ½0; T� ! R=juðtÞ � uðt � hÞj ¼ OðhcÞ uniformly for 0 < t � h < t 6 Tg. Then we have

Da
t ðuvÞðtÞ ¼ uðtÞDa

t vðtÞ þ vðtÞDa
t uðtÞ � a

Cð1� aÞ

Z t

0

ðuðsÞ � uðtÞÞðvðsÞ � vðtÞÞ
ðt � sÞaþ1 ds� uðtÞvðtÞ

Cð1� aÞt�a

point-wise.
From Lemma 1.1, it follows that if u and v have the same sign and are both increasing or both decreasing, then

Da
t ðuvÞðtÞ 6 uðtÞDa

t vðtÞ þ vðtÞDa
t uðtÞ

and for u ¼ v , we obtain

Da
t ðu2ÞðtÞ 6 2uðtÞDa

t uðtÞ: ð1Þ

2. Existence of the proposed system

We consider the dimensionless attraction system of fractional order

Da
t uðt; xÞ ¼ Mu�r:ðw1urvÞ þ r:ðw2urwÞ; x 2 X;

Da
t vðt; xÞ ¼ Mv þ /1u� /3v; x 2 X;

Da
t wðt; xÞ ¼ Mwþ /2u� /4v ; x 2 X;

ð2Þ

uðx;0Þ ¼ u0ðxÞ; vðx;0Þ ¼ v0ðxÞ; wðx;0Þ ¼ w0ðxÞ; x 2 Xð Þ;
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